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EXPLANATORY 


Previous to 1907 there were maintained in the Bell System 
three laboratories and departments of development, research and 
experiment,—one by the American Telephone and Telegraph 
Company st Boston, one by the Western Electric Company at 
Chicago and one by the Western Electric Company at New York. 


In 1907, in the interest of economy and efficiency, these were 
consolidated so far as laboratory and experimental work were 
concerned and the Bell System Laboratory at Bethune and West 
Streets, New York, was established. This was incorporated as 
the Bell Telephone Laboratories, Inc., January first, 1925. The 
expense of operation is divided between th: American Telephone 
and Telegraph Company and the Western Electric Company ac- 
cording to the nature of the work done. 


In the Bell System the American Telephone and Telegraph 
Company undertakes, through constant association with the oper- 
ating organizations, to formulate the requirements, present and 
future, of the Bell System. Ont of these requirements come the 

roblems of the American Telephone and Telegraph Company’s 
epartment of Development and Research and the ms mage lab- 
oratory. After the problems have been satisfactorily solved, 
the Department of Development and Research adopts as standard 
the systems, equipment and apparatus thus produced which are 
‘3 then specificd for their proper uses in the Associated Companies 
by the Engineering of the American Telephone and 
Telegraph Company. hen different departments and companies 


are mentioned in this publication, so far as they are parts of the 

Ns Bell System, they are parts of one working organization. 

H. B, THAYER, Chairman, 
American Telephone and Telegraph Company. 
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CORRECTION SLIP FOR ISSUE OF JANUARY, 1926 


Page 172: Equation should read 


Ad=V 


Page 177: Equations (9), (10), (11 and (13) should read 


@,=27 t+fsinr (t-d, V dt, 


[F +f sin r (t—d» V dt. 
AO =0,—0.=2 F,dt+2x fsinr (t V) dt 
F,,dt— 27 f sin r (t—do/ V) dt, 


V—sin r d,/ 


4+ sin rt (sin r 


Delete (12 


\(cosrd V on 


1 Presented at the Midwinter Convention of the A. I. E. E., New York, N. Y. 
February 9, 1926. 
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Development and Application of Loading for 
Telephone Circuits | 
By THOMAS SHAW and WILLIAM FONDILLER 


Synopsis: A review of the art of loading telephone circuits 
in the United States. The introductory sectior efly reviews the é 
of coil loading, and summarizes the principal characteristics of the firs 
commercial standard loading coils and loading systems, thereby s g 
a background for the description of the various improveme : 


importance which have been made in the loading co 
during the past fifteen years to meet the new or chan 
the rapidly advancing communication art 

These major improvements are described in detail under 1 


headings (1) Phantom Group Loading, (2) Loading for Repeatered ( . 
(3) Incidental Cables in Open Wire Lines, (4) Cross-talk, (5) Teleg 
over Loaded Telephone Circuits, (6) Loading for Exchange Area Cables, at 
7) Submarine Cables. The discussion of these various devel ents 
forth the relations between the loading features and the associated phase 
ot telephone development, such as the cable s, repeaters, telegraph w gr, 
and carrier telephone and telegraph systems. 

The concluding part of the paper gives some general statistics rega g 


the extent of the commercial application of loading in the United St 
and a brief statement indicative of the ] 
to the telephone using public. 


large econonnic importance ot loading 


INTRODUCTION 


HE vear 1926 marks the fiftieth anniversary of the birth of the 


telephone, and the completion of the first 25 years of the com- 


mercial application of loading to telephone circuits by means of in- 
ductance coils inserted at periodic intervals. The present time is thus 


peculiarly appropriate for a survey of loading developments 


The purpose of this paper is to present a review of the art of loading 


telephone circuits, as practised in the United States. In a paper® pre- 
sented before the Institute in 1911 Mr. B. Gherardi described the ce 
velopments in loading up to that time and gave a comprehensiv 


statement of the results obtained. In the present paper, therefore, 


references to the early developments in loading may be contined to 
matters that are necessary to the treatment of the subsequent develop- 
ments in the art. 


During the period under consideration many improvements of out- 


standing importance have been made in the characteristics of the load- 


2“Commercial Loading of Telephone Circuits in the Bell System,” B. Gherardi, 


Trans. A. I. E. E., Vol. 30, 1911, p. 1743. 
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ing coils and in the loading systems. in order to meet new or chang 


requirements in the rapidly advancing communication art. The mor 


important of these improvements are listed below and will be discusse 


4 in the sequence noted: 
I Phantom Group Loading 
a I] Loading tor Repeatered Circuits 
sl IH. Incidental Cables in Open Wire Lines 
IV. Cross-Talk 
Vv. Pelegraphy over Loaded Telephone Circuits 


Vl Loading for Exchange Area Cables 
VII. Submarine Cables 


‘is a basis for the discussion of the characteristics of commerci:| 
loading systems and the various developments which have been made, 
the elementary theory of loaded lines and a review of the first loading 
standards will be given. Those interested in the exact mathematic, | 
theory are referred to more « omplete discussions which may be found 
in the bibliography apy ended hereto. 


Lheory*, It is convenient to discuss the coil loaded line in terms o! 
its corresponding smooth line, a hypothetical line in which the con 
stants of the inductance coils are assumed to be distributed uniformly 


ile the line. 


Table IT gives simplified formulas which define the Important line 
characteristics in terms of the primary line constants, the formulas 


rABLE I 


Approximate Line Formulas 


Uniform I ine 
Line Uniform Line Having 
1 £TO 
(haracteristics Distributed Inductance 
inductance 
a, Attenuation R ( 
constant l 


gation | NR NRC 


characteristic R 


pi \ k \ pl \ 
In the ab ve, a is the real part of the 


propagation constant; and W'=p/,, in 
which =2rf( f=frequency 


and 8 is the wave length constant: 7. é., the imaginary 
part of the propagation constant. The for mulas assume the leakage conductance G 

to be negligibly small: and in the case of the line with inductance, that R is small with 
= reference to p L; R, L, and C being the line resistance, inductan« e, and capacitance 
i per unit length, 


Phis section on Theory contains a s-nall imount offdiscussion not included in the 
paper as presented. 
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being so arranged as to indicate directly the nature of the changes 
which occur when uniformly distributed inductance is added to a 
uniform line initially having zero inductance. 

Inspection of the formulas shows that the addition of distributed 
inductance: 

(a) Reduces the attenuation constant and the velocity, provided 
that the ratio R 2L is less than p; in practice, this limiting condition 
is approached only at very low frequencies which usually are of 
negligible importance in speech transmission. 

b) Increases the impedance, and improves the power factor 

(c) Makes the attenuation, velocity and impedance independent 
of frequency over the frequency range where & is small with reference 
to pL; in practice, this condition holds generally, except at the low 
voice frequencies. 

Krom the standpoint of the power transmission engineer, the 
general effect of loading in reducing the attenuation losses may be 
explained in terms of the changes in line impedance noted in (b 
above. These impedance changes make it possible for the loaded 
line to transmit a given amount of power corresponding to speech 
sounds at a higher line potential and with a (proportionately) lowe: 
value of line current than is possible without the loading. In the 
non-loaded line which is inherently a low impedance line, the series 
dissipation losses which are proportional to the square of the line 
current are ordinarily very large relative to the shunt dissipation 
losses which are proportional to the square of the line potential 
Consequently, when the line impedance is increased by a suitable 
amount, the reduction in series losses is much greater than the increase 
in shunt losses and a substanual improvement in line efficiency is 
obtained. The optimum impedance for minimum line losses is that 
which results in the shunt and series losses being equal. Ordinarily, 
it is not economical to apply a sufficient amount of loading to reach 
this condition. 

In general, Commercial power lines are electrically short in’ terms 
of the wave length of the transmitted frequencies and consequently 
the sending end impedance is very largely influenced by the receiving 
end impedance. This allows high impedance transmission lines to be 
obtained by using high ratio transformers at the receiving end to step 
up the terminal impedance. On the other hand, telephone lines which 
are of interest from the loading standpoint are electrically long and 
the sending end impedance is practically unaffected by the terminal 
impedance. Consequently, the addition of series inductance to the line 
is the most practical way of increasing the telephone line impedance, 


Bat? 


Investigating the question of concentrating the line inductance at 
uniformly spaced intervals, Protessor Pupin gave his famous solution 
in a paper? presented before the Institute in May, 1900.) Dr. G. A. 
Campbell in his paper? of March, 1903, also gave a mathematical de 
Ve lopment of the loading theory along somewhat different lines. 

These early investigations showed that a coil loaded line should have 
several coils per wave length in order to stimulate a uniform line. The 
more closely the coils are Spc ed the more exact is the degree of CQUIN - 
alence, and when there are ten coils per wave length the equivalence 
is very close. On the other hand, the cost of the loading increases as 
the spacing is shortened. Thus, from the standpoint of commercial 
application, the question “What is the smallest number of coils per 
wave length that will give satisfactory transmission?” is very im- 
portant. In the investigation which was made to determine the 
magnitude of the changes in attenuation, velocity. and impedance, 
as the number of coils per wave length is reduced, abrupt changes in 
these characteristics were found to occur at the spacing of two coils 
per actual wave length. The eritical frequency at which this spacing 
applies in a loaded line became known as the cutoff frequency, since 
at this frequency and higher frequencies the attenuation loss is so 
extremely large as to amount practically to a suppression, or cut-ott 
elfect. 

At the cut-off freqeuney the velocity of the coil loaded line is lower 
than the velocity of the corresponding smooth line approximately 
in the ratio of 2:7; consequently, at the cut-off frequency there are 
approximately w coils per wave length, in terms of the velocity of the 
corresponding smooth line. 

Phe following expression defines the cut-off frequency a coil 
loaded line having zero distributed inductance: 


| 
LsC 
in which 


f.=cut-otf frequency, 
L=coil inductance, 
s =coil spacing, 
C=line capacitance per unit length. 
‘Wave Transmission over Non-Uniform Cables and Long Distance Air Lines,” 


M. 1. Pupin, Trans. A. I. E. E., Vol. 17, 1900, p. 445. Refer also to Pupin, U. S. 
Patents Nos. 652, 230 and 652, 231, June 19, 1900. 


“On Loaded Lines in Telephone Transmission,” G. A. Campbell, Philosophical 
Magazine, March, 1903. 
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[If the loaded line has distributed inductance, a correction is re 
quired in equation (4).| 

The differences between the characteristics of a coil loaded line and 
its corresponding smooth line are sometimes designated “lumpiness”’ 
effects. They are due to repeated internal reflections at the points 
of electrical discontinuity in the line caused by the insertion of the 
loading coils. The lumpiness effects are usually small for the fre 
quencies below approximately 75 per cent. of the cut-ott frequency 
As the frequency exceeds this value, however, the lumpiness effects 
increase at an accelerated rate. 

Figs. 1, 2 and 3 illustrate the ditterences in the attenuation, velocity, 
and impedance characteristics of a typical telephone cable, with and 
without loading. The characteristics of the corresponding smooth 
loaded line are also given to illustrate the theoretical differences 


between uniform loading and coil loading Kig. | includes curves 
18 T— 066 
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Fig, 1-—Attenuation-frequency characteristics of loaded and non-loaded No. 1! 
\. w. g. cable 
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which give an analysis of the different types of line losses, (a) the 
‘series’ losses due to heat dissipation in the conductor and the loading 
coils, which are proportional to the square of the line current, (b) the 
“shunt” losses due to heat losses in the dielectrics, which are pro- 
portional to the square of the line voltage, and (c) the lumpiness effects 
due to internal reflections. The large reduction in the series losses 


a | 
S 70,000 
| 
& ail 
a 60,000 
uJ 
a 
= 50,000}—- 
NON LOADED CABLE 
= 
40,000F 
<r 
Qa 
x 
“30,000 } t 
/ 
= / 
=a / 
= / 
45 20,000 / 
/ 
5 ~Corresponding Smooth Line 
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Cut-off 
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0 0.18 0.36 O53 O71 089 10 
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big. 2. -Velocity-trequeney characteristics of loaded and non-loaded No, 19 A. w. 
cables of Fig. 1 


accomplished by the loading is clearly indicated in the diagram: 
\ corresponding proportional increase in the shunt dissipation loss also 
occurs, but as previously noted this effect is small in absolute mag- 
nitude relative to the decrease in the series losses. It is interesting 
to note that the particular type of loading illustrated in Fig. 1 so 
increases the transmission efficiency of No. 19 A.W.G. cable that 
the loaded circuit can be used for distances about four times the 
permissible length of the non-loaded circuits. To obtain this in- 


creased transmission range without loading would require wires 
about eight times as heavy, i.e., No. 10 A.W.G. 


i 
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Fig. 3 illustrates the dependency of the characteristic impedance 
of a coil loaded line upon the terminal condition. The most frequently 
used loading terminations are “mid-section”? and ‘“‘mid-coil.”’ In the 


mid-section termination, the first loading coil is located at a dis 


4000 : 
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Fig. 3 -Impedance-frequency characteristics of loaded and non-loaded No. 19 A. w.g 


cables of Fig. 1 
tance equivalent to one-half of a regular loading section from the 
beginning of the line. Mid-coil termination is obtained by installing ae 
at the beginning of the line, a coil having one half of the inductance 
of the regular coils, the first full coil being installed at the end of the 


first complete loading section. For mid-coil and mid-section termina 


tions, the characteristic impedance is approximately a pure resistance, 


| 


which varies with frequency as a complicated function of the ratio 
of the frequency to the cut-off frequency. With mid-coil termina- 
tion the impedance-frequency characteristic droops with rising 
frequency, approaching zero at the cut-off frequency. On the other 
hand, the mid-section termination has a rising characteristic, ap 
proaching infinity at the cut-off frequency. 

Early Standard Loading Systems. One of the fundamental questions 
involved in the early commercial development work was that of 
determining what range of frequencies should be transmitted in order 
to furnish a satisfactory grade of speech transmission. The investi- 
gation of this point resulted in the adoption of a standard cut-off 
frequency of about 2,300 eveles. Table IT lists the other important 
transmission characteristics of the tirst loading svstems standardized 
about 1904 for use on cables: 


PABLE II 


First Standard Cable Loading Systems 


Coil Induct- Nom- Attenuation Loss 
— Induct Coil ance inal (TU per mile) 
Presi ance Spacing per Mile Impe- 
AtLIOn 
“o'6 Hen- (Miles (Hen- dance 19 16 14 
rys rys (Ohms) | A.w.g. | A.w.g. |A.w.g. 
Heavy 0.250 L.2o 0.200 1800 0.28 0.16 | 0.11 
Medium 0.175 75 0.100 1300 0.39 0.21 0.14 
Light 0.135 Aa 0.054 900 0.51 0.27 | 0.17 
Non-loaded Cable 1.05 0.74 0.59 
Notre. These data apply to cables having a mutual capacitance of 0.070 uf. per 


mile and assume loading coils, the electrical characteristics of which are given in 
Table IV. The nominal impedance is defined by the expression yL/C. The new 
unit of transmission loss (TU) is described in a recent Institute paper.’ 


For open wire loading, only one loading system, known as ‘Heavy’ 
loading, was standardized. This involved the use of coils having 
an inductance of 0.265 henry at a spacing of approximately 8 miles. 
This loading had approximately the same cut-off frequency as the 
cable loading standards described in Table Il. The other important 
line and transmission characteristics are summarized in Table II. 

Loading Coils. The loading coils developed for use in the loading 
systems described in Tables Il and II] were of the toroidal type; 1.e., 
they had ring-shaped cores formed by winding up a bundle of insu- 


§** The Transmission Unit and Telephone Transmission Reference Systems,’’ W. H. 
Martin, Trans. A. I. E. E., Vol. 43, 1924, p. 797; Bell System Technical Journal, 
July, 1924. 


FABLE Ill 
Stundard Ope) Lire 
( stants pe Mile 
No \tte 
Wire : 
Di meter | oading nal | 1 
“(in Condition R ( pedanee Loss TI 
Ohms Henrvs \lt Ohms er Mil 
0. 104 Non-loaded Ww 4 0037 6060 O75 
0.104 Loaded O O87 100 
0.165 Non-loaded  OOS4 O83 
0.165 Loaded O O37 ol4 
Notre. ‘Transmission efficiency figures assume d 
5 megohm-miles, or better. 
lated tine wires on a suitably shaped spool. Phe core wire was 3S 


A. w. (0.004 in. diameter 

The wire used in the cable loading coil cores was a commercial 
grade of mild steel, hard drawn under conditions which gave it an 
initial permeability of 95. The term “initial permeabilitv”’ signities 
the permeability at very weak magnetizing forces; i.e., below O.1 gilbert 
percm. The core wire used in the open wire loading coils was drawn 
from the same stock, but differences in the drawing and annealing 
treatments gave it an initial permeability of about 65. This core 
wire had lower eddy current and hysteresis losses than the %5-perme- 
ability wire. A black enamel insulation was used on the 95-permeabil- 
itv wire. A celluloid-shellac compound which could be applied at a 
lower temperature Was used on the 65-permeability wire. 

As illustrating the magnitudes involved, it may be noted that in 
order to meet the service requirements, the coils were designed so 
that for telephone currents of the order of 0.001 ampere, the magne- 
tizing force 17 has a value of about 0.04 gilbert per em., corresponding 
to a flux density of approximately B=2 gauss. 

The winding space on the cores was divided in half by means of 
fiber washers, and the winding was applied in two equal sections, one 
being located on each half of the core. In installing the coils, one of 
these windings was inserted in one line wire and the other winding 
in the other line wire, so connected that the mutual inductance be- 
tween windings aided the self-inductance for current flowing around 
the circuit through both windings. 

The high costs of the open wire lines warranted considerable re- 
finement in the design of the open wire coils. They were, therefore, 
made much more efficient and correspondingly larger than the cable 
coils. They were wound with insulated stranded wire and had much 
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lower core losses. Another important difference between the open 
wire and cable coils was the use of high dielectric strength insulation 
in the open wire coils. The coils were subjected to a breakdown test 
at S000 volts (effective a-c.) and were protected in service by means 
of a special type of lightning arrester having non-arcing metal elec- 
trodes designed to operate at 3,500 volts direct current. 

Table IV lists the principal characteristics of the loading coils 


FABLE. IV 


First Standard Loading Coils 


Average Overall 
Resistance Dimensions 
Coil Induct 
Py pe Code ince 
oadin No Henrys) D-C. Height 
( eter "he 
Ohms In 
Open Wire S01 QO 2605 5 9 9 } 
Cable 506 250 6.4 37.3 31, 
S08 0.175 +.2 13.0 
507 135 9 1 


Note, Effective resistance values apply for a line current of 0.002 ampere. 


initially used in the standard loading systems listed in Tables II 
and 

Loading Coil Cases. The cases used for potting the cable loading 
coils were designed so that they could be installed in underground 
manholes or on pole fixtures. 

The general method of assembly is to dry the loading coils thor- 
oughly and then impregnate them under vacuum with a moisture- 
prooting compound. The coils are then mounted on wooden spindles, 
adjacent coils being separated by iron washers. After carefully ad- 
justing the individual coils to meet the electrical requirements, the 
spindles of coils are cabled to a short length of lead-covered cable 
which is referred to as a “stub” cable. Cast-iron cases with iron 
partitions were designed so as to provide a shielded compartment 


wr each spindle of coils. 

Commercially manufactured toroidal coils may have small irregu- 
larities in their windings resulting in a weak stray field which tends 
to cause cross-talk. The iron washers between coils and the parti- 


tions between spindle groups of coils provide effective cross-talk 
shields. 


| 
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After placing the spindles of coils in the various compartments, 
the case is filled with a moisture proofing compound. The lead- 
sheathed cable stub is brought through a brass nipple in the cast 
iron cover of the case, and the cover is then bolted to the case By 
means of a special design of case and cover joint, a double seal is 
provided to prevent entrance of moisture at this point. A wiped 
joint is made between the lead sheath of the cable and the brass nipple 

The conductors in the stub cable have an appropriate color scheme 
in their insulation to identify the terminals of the loading coils, thus 
facilitating splicing of the coils into the line circuits. A series of 
multi-spindle cases was standardized, ranging in capacity from 21 
to 98 coils. Smaller quantities of coils were potted in a single spindle 
pipe type case. 

Generally similar assembly and potting methods were used for the 
open wire coils, the important differences being first, that the open 
wire coils were always mounted in individual cases designed for mount- 
ing on pole fixtures, and secondly, that the coil terminals were brought 
out of the case in individual rubber-insulated leads 


I. PHANTOM LOADING 


In Mr. Gherardi’s paper reference was made to the development of 
means for (a) phantoming loaded circuits and ()) loading phantom 
circuits. The large plant economies made possible by these develop- 
ments have resulted in extensive applications of these principles 

The following discussion will consider first the coil winding schemes, 
after which the transmission characteristics of the loading svstems 
and the electrical characteristics of the loading coils will be briefly 
described. 

Loading Methods. Vig. 4 schematically illustrates the Bell System 
standard method for loading phantom circuits and side circuits of 
phantoms.’ 

The loading problem is to introduce the desired inductance into 
each of the three circuits of a phantom group without causing objec- 
tionable unbalances. The method illustrated in Fig. 4° involves 
individual loading coils for each circuit, the design being such that 
the side circuit coils are substantially non-inductive to the phantom 
circuit, while the phantom loading coil is substantially non-inductive 
to the side circuits. These desirable results require close magnetic 
coupling between the line windings in each coil. Consequently, in 


U.S. Patents No. 980,021 “Loaded Phantom Circuit,"’ G. A.Campbell and T. Shaw 
No. 981,015 “‘Phantomed Loaded Circuit,’’ T. Shaw. 
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the side circuit coils each line winding is, in effect, distributed evenly 
about the entire core. The necessary high degree of symmetry re 
quired by balance considerations is obtained by dividing each line 
winding into two equal sections and interleaving them with the 
sections of the other line winding; thus each complete line winding 
consists of an inner section winding on one-half of the core and an 
outer section winding on the opposite half core. Similar design 
principles are applied to the phantom loading coils, with added com 
plications, however, arising from the increased number of line wind 
ings. Each of the four line windings consists of an inner section 
winding located on one core quadrant and an outer section winding 
located on the opposite core quadrant, the two line windings associ- 
ated with a given side circuit being distributed about the same pair 
of opposite core quadrants. In arranging the windings on the core, 
precautions are taken to secure a symmetrical arrangement of the 
direct admittances among the line windings and from the line windings 
to the core and the case. 

It is interesting to note that the three-coil loading scheme illus 
able, installed 


trated in Fig. 4 was emploved in the Boston-Neponset 
in 1910, which was the first successful installation of loaded phantom 
circuits in the world. Other schemes of phantom group loading 
using two-coil'and four-coil arrangements have been developed here 
and abroad, but none of them is considered to be as satisfactory as 
the scheme illustrated in Fig. 4 from the standpoint of service and 
cost. These other schemes are described in a recent article * which 
compares them with the scheme above described. 

Loading Systems. In adapting the circuits to phantom working, 
the electrical constants of the two-wire circuits were changed as little 
as possible in making them suitable for use as side circuits of phan 
toms. In the cables, two pairs having different lengths of twist were 
twisted into quad formation on a still different length of twist. The 
required balance was obtained on open wire lines by cutting in a 
large number of additional transpositions 

The construction methods chosen resulted in the phantom circuits 
having approximately 60 per cent. greater distributed capacity than 
their side circuits, and a lower distributed inductance, approximately 
in inverse proportion. It was obviously desirable to install the phan- 
tom circuit coils at the same points as the side circuit coils; accord- 
ingly, in working to the same standard of cut-off frequency, the rela- 
tive circuit constants summarized above resulted in the phantom 


>“Commercial Loading of Telephone Cable,’ W. Fondiller, Electrical Cor 
munication, July 1925, 
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loading systems having a nominal impedance approximately 60> per 
cent. as high as their associated side circuit loading svstems. The 
transmission efficiency of the phantom circuit was 20 to 25 per cent 
better than that of its associated side circuits, on which basis, the 
phantom circuits were suitable for use over somewhat longer distances 
than their side circuits. 

Cable Loading. Data regarding the general characteristics of the 
first phantom group loading systems standardized for use on quadded 
telephone cables are given in the first four rows of Table Vo These 
loading systems were used principally on interurban toll cables. 
Because of the extra cost of the terminal and signaling equipment, 
and other factors involved in phantom working, it was not economical 
to use phantom circuits in the shorter lengths of loaded cable ordi- 
narily involved in exchange area connections. 

As soon as the development work on quadded toll cables and 
phantom group loading had progressed to a point where satisfactory 
commercial results were assured, active development work com- 
menced on the Boston-New York-Washington cable project, involving 
the use of coarse gage quadded conductors and new types of high 
efficiency loading coils designed especially for use on the coarse gage 
wires. The Boston-Washington cable was the first link in a rapidly 
growing network of toll cables which now interconnects the large 
population centers of the Atlantic Seaboard and the upper Mississippi 
Valley region, providing increased reliability of service as compared 
with open wire lines. 

It should be kept in mind that at the time under discussion (1910 
1911) no commercially satisfactory type of telephone repeater was 
available. Accordingly, in order to assure satisfactory service be- 
tween Boston, New York, Washington, and intermediate points, 
it was necessary to provide 10-A.w.g. and 13-A.w.g. conductors in the 
new cable. Cost studies showed it to be desirable to use a special 
weight of loading intermediate between the old heavy and medium 
loading systems, which was therefore designated ‘Medium-heavy"’ 
loading. Information regarding this special loading is given in Items 
| and 2 of Table V. In items 3 and 4, corresponding data are given 
on the “high-efficileney’” heavy loading designed for coarse gage 
conductors. This heavy loading was used on certain sections of the 
Boston-Washington cable where plant construction reasons made it 
desirable to install the coils in existing loading manholes installed at 
heavy loading spacing. 

From the last column of Table V it is seen that there is very little 


difference between the efficiencies of the heavy and the medium- 
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heavy loading systems when used on 10-A.w.g. conductors. This ex- 
plains the more general use of the medium-heavy loading, which was 
less expensive because of the greater distances between coils. The 
effects under discussion are due to the part played by the loading 
coil resistance. The loading coils themselves conformed as closely 
as practicable to the cost-equilibrium principle :—a condition of cost 
balance where a small improvement in transmission would require 
approximately equal expenditure whether by improving the loading 
or by adding copper to the cable conductors. On this basis, a some- 
what less expensive grade of coil was used on the 18-A.w.g. wires 
than on the 10-A.w.g. wires. The grade of coils developed primarily 
for use on 16 and 19-A.ww.g. cables, giving transmission results illus- 
trated in Items 5 S of Table V, was in turn less expensive than the 
“high efficiency” coils. In each case, since the phantom circuits were 
somewhat more efficient than their associated side circuits, a some- 
what higher grade coil was used in the phantom circuits than in the 
side circults. 

Open Wire Phantom Loading. Phantom loading came into general 
use on open wire lines at about the same time as on quadded cables. 
In general, the methods used in applying phantom group loading to 
the open wire lines were used for the cable systems. The line char- 
acteristics for the side circuits were practically the same as for the 
original non-phantomed circuits (Table II); the principal difference 
being that caused by the small resistance of the phantom loading 
coils. The important linear and transmission characteristics of the 
phantom circuits are given in Table VI.) The phantom loading 
coil had an inductance value of 0.163 henry. 

Loading Coils. Table VII gives general information regarding the 
first standard side circuit and phantom loading coils used in the 
phantom group loading systems listed in Tables Vand VI. The coils 


TABLE VI 
First Standard Open Wire Phantom Loading 


Constants per Loop Mile at 


1000 Cycles Nominal Attenua- 
Wire 
Loading Impe- tion Loss 
Condition : ; dance rU per 
In K L (Ohms) Mile 
Ohms Henrys (Mf. 
0.104 Non-loaded 5.2 0.0022 0.0141 400 0.064 
104 Loaded 5.8 0.023 0 1300 0.027 
0 165 Non-loaded 24 0.0021 0.0154 400 0.028 


0 165 Loaded 2 6 0.023 0.0154 1200 0.012 
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rABLE VII 


First Standard Loading Cotls for Phant Wor 
Average Re Overal 
In- sistance-Ohms Dimens 
duct ( | 
ol 
< \ 
mce | Code | Diam- 
-In¢ No reu 1000 Heig 
Hen- cvcles 
rvs lt Ir 
Open-Wire 0.265 512 Sick 5.0 8.4 9.0 to 
0.163 511 Phanto 44 11.0 $9 
10-A. w. g. 0.210 520 Sick 38 6.6 
Cable 0.130 519 Phantor 1.9 3 4 10.4 0 
0.250 532 Side 7.8 8.5 5.5 
0.155 531 Phantom 3.9 10.4 
13-A. W. g. 0.205 538 6 0 9 ? 5 7 5 
Cable 0.130 521 Phanto 9 0 
0 250 534 Side 6 6 10.7 5 » 5 
O 155 533 Phantom 3 3 4.9 +0 
16 and 19- 250 515 Side 3 1 } 4 
A. w.g. Cable) 0.155 530 Phantom 4 11.9 5.9 
0.175 514 Side 5.4 14.4 
0.106 313 Phantom 2.8 5.9 2.9 


Note. The resistance data apply to circuits of a complete phanto 
the side circuit data include effects of the phantom coils, and phantom circuit data 
include effects of the side circuit coils. ! Effective resistance values corre spond to line 
current of 0.002 ampere. 


designed for open wire lines and for 10-A.w.g. cable had 65-permeabil 
ity wire cores and stranded copper windings. The coils designed for 
13-A.w.g. cables had 65-permeability wire cores and non-stranded 
copper windings. The other coils had 95-permeabilitv wire cores 
Potting Features. Vhe general practise for cable loading is to 
pot side circuit and phantom loading coils in the same case as phan 
tom groups, since this has important installation and transmission 
advantages. The phantom coils, being considerably larger than the 
side circuit coils, are mounted in separate spindle compartments. 
The cross-connections between the side circuit and phantom coils 
are made within the case, in order to reduce the amount of splicing 
required in the field. Thus, the stub cable contains only the con- 
ductors to be spliced to the “east” and “west” conductors in the line 
cable. Quadded construction is used in the stub cable of all loading 


coil cases for phantom loading in order to avoid serious capacitance 


unbalances. 


23% BELL SYSTEM TECHNICAL JOURNAI 


The multi-spindle cases used in potting the small size coils for 
16 and 19-A.w.g. cables ranged in capacity from 12 to 24 phantom 
units. The larger size coils used on the coarser gage cables were potted 
in smaller complements. 

Occasionally it is desirable to install side circuit loading alone 
and to install the phantom loading at a later period. Accordingly, 
cable loading coil cases were designed to meet these conditions. The 
open wire coils were potted in individual cases. 


Il. LoApING FOR REPEATERED CIRCUITS 


General. The development of telephone repeaters to the point 
where they could be used for commercial service in extending the 
range of telephone transmission was the beginning of a new era in the 
communication art. In this development work, the adaptation of the 
lines to the requirements of repeater Operation was secondary in 
importance only to the development of satisfactory repeater elements 
and circuits for associating the repeater elements with the line. The 
reader is referred to an Institute paper by Messrs. B. Gherardi and 

B. Jewett ° for general information regarding telephone repeaters 


and to a more recent Institute paper by Mr. A. B. Clark" for a genera} 
discussion of subsequent developments in the application of repeaters 
to long telephone circuits. 
The early work on the line problem was primarily concerned with 
obtaining a sufficiently high degree of regularity in the line impedance- 
frequency characteristics, so that the requisite high degree of balance 
could be obtained and maintained between the line and the repeater 
balancing network. Later on, particularly in preparing for the ap- 
plication of telephone repeaters to long toll cables, such as the New 
York-Pittsburgh-Chicago cable, it became necessary to change the 
fundamental transmission characteristics of the loading. 
) Early Work Reduction of Line Irregularities. Commercial teleph- 
ony, requiring two-way transmission, imposes severe balance require- 
ments on repeater circuits over the entire band of frequencies which 
the repeater is designed to transmit, in order to avoid singing or dis- 
tortion due to near singing. Within certain limitations, the higher 
the degree of balance between the line and the balancing network 
circuit, the higher will be the permissible amplification gain of the 
repeater. 
Telephone Repeaters,’ B. Gherardi and F. B. Jewett, Trans. A. I. E. E., Vol. 38, 
1919, p. 1287, 


“Telephone Transmission over Long Cable Circuits,”’ A. B. Clark, Trans. 
\. I. E. E., Vol. 42, 1923, p. 86; Bell System Technical Journal, Jan., 1923. 
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The practical solution of this fundamental repeater-line balance 
problem required (a) the construction of lines having extremely 
regular impedance characteristics over the frequency band which 
the repeater is designed to transmit and (4) the development of 
balancing networks | capable of accurately simulating the sending 
end impedance characteristics of the improved lines throughout this 
frequency range. On account of the great dithculty of getting a high 
degree of balance at frequencies near the cut-off frequency of the 
loading, partly due to line irregularity effects and partly due to net- 
work design complications, it has been found desirable to use electric 
wave filters" in the repeater sets which cut off at a frequency below 
the cut-off frequency of the loading. This margin of cut-off effects is 
usually 200 evcles or more, depending upon the repeater design and 
the type of loading involved. 

The “regular” line referred to in (a) is one which is free from im- 
pedance irregularities. In the case of loaded lines, the loading coils 
should have very closely the same inductance values, and the sections 
of line between loading coils should have closely the same value of 
capacitance. These uniformity features should be permanent, which 
requires that the coils should have a high degree of stability in their 
inductance characteristics; i.e., they should be capable of resisting 
the magnetizing effects of abnormal service conditions. Some of the 
older types of coils did not meet this requirement. The satisfactory 
way in which these fundamental coil requirements are fulfilled in 
the newer types of coils will be described in a subsequent section 

Uniformity in the loading section capacitance values involves uni- 
formity in cable and line capacitance values as well as precision in 
the coil spacing. In toll cable loading the maximum deviations from 
the average spacing are kept below 2 per cent., and the average devia- 
tions are in the order of 0.5 per cent. or less. 

In exceptional cases where physical obstructions are encountered 
in reducing the spacing deviations to a sutficientlhy low value, use is 
made of “building-out condensers” or ‘‘building-out stub) cables” 
to normalize the capacitance of loading sections.” Abnormally long 
loading sections can usually be split up into two sections, one or both 
of which may then be “built out” to the nominal standard capacitance 
values. 

Transcontinental Lines—High Stability Loading Coils. in- 

"R. S. Hoyt “Impedance of Loaded Lines and Design of Simulating and Com- 
pensating Networks,”’ Bell System Technical Journal, July 1924 

2 U.S. Patents Nos. 1,227,113, and 1,227,114—G. A. Campbell 

8 U.S. Patent No. 1,219,760—John Mills and R.S. Hoyt. 
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tuguration of commercial transcontinental telephone service over the 
New York-San Francisco line in January, 1915, marked the first com- 
mercial application of these general improvements in. regularity. of 
line construction, including the use of an improved type of loading coil. 

In the extensive tield work which was done in preparing for trans 
continental telephone service, it was found that the inductance values 
of a considerable percentage of the open-wire loading coils then in use 
Nos. and 512 types, Table had changed appreciably from 
the nominal values to which they were adjusted at the factory prior 
to shipment, and that these changes were due to core magnetization 
caused by abnormal currents induced by lightning discharges. In 
some cases abnormal currents induced by power transmission lines 
or electric railway distribution svstems were responsible for the loading 
coil magnetization. 


The inductance changes were not sufficiently large to have serious 


reactions on) transmission over non-repeatered circuits. Although 


individual coils varied in inductance from time to time, the general 


average of groups of coils was fairly constant. The effects of these 
individual variations on the impedance of the line were, however, 
too large to permit satisfactory operation with telephone repeaters. 
Some experiments made with improved lightning arresters, in an 
effort to reduce the coil magnetization trouble, were unsuccessful. 
The solution of the problem of repeatering loaded open-wire circuits 
required the development of loading coils which would be stable 
magnetically when subjected to extreme conditions of magnetizing 
S current in the windings. The requirement was laid down for these 
coils that the inductance to speech currents should not be affected 
more than about 2 per cent. when a magnetizing current of two 
amperes was passed through either line winding. In view of the fact 
that the extreme residual magnetizing effect of this current on the 
No. 511 and No, 512 loading coils was approximately 30 per cent., it will 
- be appreciated that this imposed a very severe stability requirement. 
The design adopted involved the use of air-gaps in the cores of the 
iron wire core loading coils.") Two air-gaps were employed at oppo- 
site points in the cores and suitable clamping means were provided 


. to hold the coil halves in proper alinement. The use of only two 
= "a air-gaps in the cores of the phantom loading coil brought in unbalance 
tendencies not present in older designs, which were corrected by special 
refinements in the design. 

The use of a magnetic circuit having “ends,” while effective for 
producing self-demagnetization, brought troublesome magnetic 


‘U.S. Patents Nos. 1,289,941 and 1,433,305—Shaw and Fondiller. 
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leakage Which necessit ted Spe il potting me hods Recanse-of th 
economy of cast-iron loading coil cases. it was decided to continue 
their use, but to mere ise then dimensi is sufficientls oO reduce eddy 


‘ 
current losses in thi Case toa tolerable Dom 


The air-gap type loading coils designed for the u 


Ig for the transcontinental 
circuits, coded Nos. 549 and 550 for the phantom and side circuits 
respectively, were more generally potted as phantom loading units 
than as individual coils, and in such instances the cross-cont ections 
between the phantom and side circuit coils were made inside the case 


Ms arrangement were that the leakage 
losses during periods of low line insulation were greath reduced as 


well as the liability of wrong connecti 


Important advantages of t 


ms of windines during the in- 


stallation work. Fig. 5 is a photograph of an installation of open 


ng installation 


Showing four phantom group (3-coil) cases and nine indix idual coil cases 
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wire loading coils illustrating both the individual coil and loading 
unit methods of potting. 

Table VEIT contains data on the air-gap coils standardized for 
open-wire circuits. It will be noted that these coils are somewhat less 
ethicient from the standpoint of effective resistance than the older 
type coils (Nos. SIL and 512) listed in Table VII, though having 


TABLE VIII 


High Stability Coils Having Wire Cores with Air Gaps 


In- Average Overall 
Coil duct- Resistance Dimension 
Oi 
Py pe Code Py yx ance Ohms Inches 
Loading No. Circuit 
. 
1000- Dia- 
Henrys | D-C, t, 
Ke ( ycles meter lig 
Open Wire 550 Side 0.245 5.4 $34 8.1 3.9 
549 Phantom 0.150 6.4 | 10.0 4.0 
10 and 13 556 Side 0.248 7.0 14.0 5.6 2.9 
\.w. g. Cable 590 Phantom 0.154 7.0 71.5 3.6 
1Oand 13 S58 Side 0.200 6.2 10.9 5.6 2.9 
\.w.g. Cable 557 Phantom 0.135 3.1 5.9 yee 3.6 


Nores. Open-wire coils used in Loading Systems, Tables [Il and VI. Cable coils 
ised in Loading Systems, Table V. 


Resistance data apply to side circuits and phantom circuits of complete phantom 
groups. Effective resistance values are for 0.002 ampere line current. 


marked superiority over the latter with regard to magnetic stability. 
Po assist in getting maximum line regularity, the Nos. 549 and 550 
coils were adjusted in the factory to meet + 1 per cent. inductance 
precision limits. In the older types of coils + 5 per cent. deviations 
had been allowed. The nominal inductance values of the Nos. 549 
and 550 coils are somewhat below those of the Nos. 511 and 512 
coils, the inductance difference corresponding roughly to the average 
magnetization effect of normal service conditions on the older types 
of coils. 

The solution of the transcontinental line problem involved im- 
provements in the regularity of the coil spacing as well as improve- 
ments in the magnetic stability of the coils. The line ‘‘clearing up”’ 
work usually involved a great deal of retransposing, since cross-talk 
considerations made it necessary to have the coils placed at balanced 
or neutral points in the transposition layout. 

In the case of coarse gage cable circuits, such as the Boston-Wash. 
ington and other toll cables installed prior to the advent of repeaters, 
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the new requirements were met by the design of an air-gap type of 
wire-core coil on which data are given in Table VIII. They were 
somewhat smaller and not quite so expensive as the improved open- 
wire coils. 

Compressed Powdered Tron Core Loa ling Coils It SOOT) be ime 
evident that the economical extension of the toll plant would involve 
the general introduction of telephone repeaters in cable as well as 
open-wire circuits. The use of telephone repeaters made it possible 
to supersede the coarse gage conductors by 16 and 19-A.w.g. con- 
ductors for toll connections, and this greatly increased the need for 
an efficient and stable loading coil of lower cost than the air-gap 
wire core coil. 

As a result of investigations carried on over a period of several 
vears, there was developed for commercial use early in 1916 a new 
magnetic material, compressed powdered iron, which has been of the 
utmost value in loading coil design.'® This improved magnetic 
material is described in a paper presented before the Institute by 
B. Speed and G. W. Elmen '§ which also discusses the electrical and 
magnetic properties of the material. 

Briefly, the method of production consists of grinding electrolytically 
deposited iron to the desired fineness, insulating the particles of iron, 
and finally compressing these insulated particles in steel dies at such 
very high pressures as to consolidate the mass into a ring, the specific 
gravity of which is substantially equal to that of solid iron. The 
rings are then stacked in a manner similar to laminations of sheet 
material to form a core of the desired dimensions. Though the 
separate rings are approximately 0.2 in. thick, the insulation between 
the individual particles is so effective that despite the use of molding 
pressures of 200,000 Ib. per sq. in., the eddy current loss in a powdered 
iron core is less than that obtainable with 0.004 in. iron wire. De- 
pending on the heat treatment and the amount of insulation, the 
initial permeability can be varied from approximately 25 to about 
7o. The specific resistance is about 20,000 times that of ordinary 
iron. The permeability can be controlled within comparatively 
narrow limits by the manufacturing processes, thus making for greater 
uniformity. The great advantage of this material for loading coils, 
however, lies in its self-demagnetizing property. The powdered iron 
core by virtue of its very numerous, though extremely small dis 


’U. S. Patents No. 1,274,952, B. Speed; 1,286,965, G. W. Elmen; 1,292,206, 


2 I 
J. C. Woodruff. 


“Magnetic Properties of Compressed Powdered Iron,” B. Speed and G. W. 


Elmen, Trans. A. I. E. E., Vol. 40, 1921, p. 1321. 
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tributed air-gaps, affords a means for constructing magnetically 
stable cores without the production of poles and their attendant 
magneth leakage. 

hig. 6 gives photographs of a standard compressed iron powder 


core ring such as is used in the Cores of toll cable loading coils; al 


| ig 6 ( ompressed powade red iron COT loading coil 


completely assembled core with part of the core taping removed; a 
completely wound coil of the side circuit tvpe; and a coil in cross- 
section. Table IX gives general data regarding typical coils. 

Phe first application of powdered iron cores was to replace some 
of the 95-permeabilitv wire core loading coils in 16 and 19-A.w.g. 
cable. The effective permeability of the 95-permeability wire cores, 
making correction for air spaces and insulation, was approximately 
60, and accordingly, the replacing powdered iron cores were designed 
to have the same effective permeability. 

\s a result of further developments in the direction of applying 
vacuum tube repeaters to loaded cable circuits, it became necessary 
with the extension of the length of these circuits to improve the 
characteristics of the loading coils. This led to the development of 
an improved grade of powdered iron core having an initial permeability 
of 85 which corresponds closely to the effective permeability of cores 
using iron wire having a permeability of 65. It was decided that 
for circuits such as interoffice trunks and short cables which would 
not be operated with superposed telegraph, the 60-permeability 
compressed iron core coils should be used; while for toll cable work 


: 
| 


] ] TN kk + 
i involving repeatered composited circuits, 35-permeability cores should 
nt be employed. — All of the compressed powder core coils intended for re 
peatered circuits were adjusted to meet 4 2 per cent. inductance limits 
er The ettective resistance-frequen: v characteristics of {o-permeabilits 
dl and 65-permeability wire core coils and 60-permeabilitv. and 35 


Ine 


permeability powdered iron core coils havin 


(0.174 henry) and the same over-all sizes are viven in Fig. 7. The 


large improvement as to freedom from residual magnetization effects 
afforded by the 35-permeability powdered iron core, compared with = 
the 65-permeability wire core is evident from the curves of Fig. ®. 


The effective resistance and inductance variation with current streneth 


are shown in Fig. 9 for a 35-permeabilitv. powdered iron core coil 
The remarkable property of these cores of maintaining constanev ot 
permeability is shown by the change of only 1 per cent. in permeability 
as the current strength varies 400 per cent. from, sav O.00L to 0.005 
ampere 

It is interesting to note that after the process had been fully worked 
out and production was running on a commercial scale, the cost of 
the improved cores was comparable with that of the wire cores whicl 
they replaced. 

FABLE IX 


Typical Compre 1 Powdered Tron Core Loading ( 
Resistance 1) 
Coil Cor Induct Ohms | 
Code Perm Pvp 
No. ability IHlenryvs C ircurt 
|) 
Cycles ete 
562 O 245 11 4 8 1 5 » 
561 Ov 155 Phanto 5.7 6.3 
S604 0.174 Sick ¢ 15 4 
563 0.106 Phanto 7 » 3 3 
58) 35 0.245 Sick ‘7 
S81 35 QO 155 Phanto 0) oo 7 
35 0.174 Sicle 10.8 14 4 
S583 35 O 106 Phanton 5 4 6.6 
584 35 O.174 Sick 12.1 15 3 
587 35 O 063 Phanton 6..] i.0 
S90 35 0. O44 Sicle 6 
59] 35 025 Phantom 1 » 
Note, Resistance values apply to side circuits and phantom « lits of co ete 
PI 


phantom groups. Effective resistance corresponds to 0.002-ampet 


These coils are used in the loading systems listed in Tables V and X. 
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In connection with the development of the new core material which 
was undertaken as a part of the loading coil development program, 
an enormous amount of work was involved which would not ordi- 
narily be associated with loading coil design work. For instance, 


there were undertaken chemical studies on electro-deposition of iron 
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Fig. 9 —Variation of Inductance and Effective resistance 


With line current in 35-permeability compressed powdered iron core loading coil 


and methods of insulating the iron particles, metallurgical studies 
of the production of finely divided iron by various means, refinements 
in shielded electrical measuring equipment for accurate determina- 
tion of small core losses at voice frequencies, development of special 
permeameters to make possible the rapid determination of the permea- 
bility of rings, the design of the steel moulding dies, selection of suitable 
grades of alloy steel to withstand the enormous pressures, and also 
various other special problems. These are mentioned here as illustrative 
of the scope of the problem of developing this new core material 

It is of interest to note that the compressed powdered iron core 
loading coil has been adopted also as the international standard in 
europe for repeatered circuits." 

17 Minutes of Second Conference of Permanent Commission, Le Comité Consul 


Internationale de Communications Telephonique a Grande Distance, page 
p. 119, English Version. 


tatil 
55 


ie 
es 


Vew Requirements for Cable Loading Systems. the iirst) com- 
mercial applications ol telephone repeaters, the new features in the 
loading were the improved types of coils already described and the 
improved precision of spacing the coils. No fundamental changes were 
made in the loading systems then standard. 

Phe completion of the development of a satisfactory commercial 
type of telephone repeater marked the beginning of a long pertod of 
experimental work for the purpose of determining the commercial 
possibilities of the use ot Fepeaters OVEr long cable circuits. When 
loaded cables of improved impedance regularity became available, 
long circuits were built up for experimental purposes by looping 
back and forth. As the length of these circuits was increased, phe- 
nomena not previously observed in cable circuits became increasingly 
troublesome, and it became apparent that it would be necessary to 
develop new loading systems having improved velocity and higher 
cut-off frequency characteristics in order to realize the full possi- 
bilities of repeaters in extending the range and reducing the cost of 
long distance telephone service over cables. 


The disturbances above mentioned were found to be due to: 


a) Echo effects. 
Velocity distortion. 


hese phenomena originate in the lines themselves and are made more 
apparent by the amplifving action of the repeaters. They are present 
m non-repeatered circuits but not to a noticeable degree. It is the 
combination of the extreme length of the circuit and the use of re- 
peaters to keep the over-all loss low that makes the disturbances 
troublesome. 

Echoes. Echoes are due to unbalance currents; 1e., to the retlec- 
tion of electrical energy at points of impedance irregularity in’ the 
circuits. When the circuit is so long that the time of transmission 
from the point of reflection to the disturbed subscriber is appreciable, 
there will be echo effects unless the losses in the circuit are so large 
as to cause the reflected energy to become inappreciably small. On 
such circuits it may be necessary to work the repeaters at gains well 
below those at which ‘singing’ occurs or distortion due to ‘‘near 
singing” is experienced. 

Since the time of transmission is such an important factor in echo 
phenomena, reductions in the harmful effects of these disturbances 
have been obtained in the improved loading svstems which have been 
developed for use on long repeatered circuits, by substantially in- 
creasing the velocity of transmission. Recently there has become 
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commercially available a device known as an “echo suppressor’ 


which interrupts the path of the echoes without disturbing the main 


transmission. A description of the device and its tield of application 
Was given in a recent Institute paper.'* 


Velocity Distortion. In a coil loaded line the steady state velocity 


of wave propagation varies with frequency. At the upper frequencies 
the velocity change is principally due to lumpiness effects of the 
loading and is, therefore, a function of the ratio of the trequency 
under consideration to the cut-off frequency. As illustrated in Fig. 2, 


the departure of the actual velocity from the nominal velocity of the 


corresponding smooth line (W 1 CL) increases as the frequency ts 
raised, the rate of change increasing rapidly as the cut-off trequency 
is approached. At frequencies below approximately 0.5 of the cut-ott 
frequency the coil loaded line has substantially the same velocity 
characteristics as the corresponding smooth line; when the trequency 
is further reduced, the departure of the actual velocity from the 
nominal velocity increases as a function of the ratio of the 
ance to the inductive reactance per unit length. 

As a result of these velocity-frequency relations, a long loaded 
repeatered circuit may have seriously objectionable quality, even 
when the attenuation-frequency distortion is made negligible by the 
use of special devices at the repeater stations for correcting the at 
tenuation-frequency distortion effects. 

The velocity distortion is particularly noticeable during the building- 
up and dying-down periods, when it manifests itself as transient 
distortion. The duration of transient distortion depends, among 
other factors, upon the length of the line, the nominal velocity, and 
the cut-off frequency of the loading. In the old standard loading 
systems the high frequency velocity distortion caused by the lumpi 
ness effects of the loading was more serious than the low frequency 
velocity distortion. Accordingly, a substantial reduction the 
transient distortion has been obtained in the new standard loading 
systems by raising the cut-off frequency of the loading 

For further discussion of velocity distortion reference should 
made to Mr. A. B. Clark's paper,'’ previously mentioned, whic! 
gives experimental results and to an earlier Institute paper by Mi 
J. R. Carson ® which gives the results of theoretical studies 

18 “Echo Suppressors for Long Telephone Circuits,” A.B. Clark and R.C. Math 
Jour. ALI. E. E., p. 618, June, 1925. 

19 Clark, Loc. Cit. 

” “Theory of the Transient Oscillations of Electrical Net work- Pransmissi 
Systems,” J. R. Carson, Trans A_ 1. E. E., Vol. 38, 1919, p. 345 
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Characteristics of Improved Cable Loading Systems. The principal 
electrical features of the H-44-25 and H-174-68 phantom = group 
loading systems which have been developed primarily for use on long 
repeatered cables are given in Table X. Corresponding details of 
the older standard loading system developed for non-repeatered 
cables are also included in this table. Typical attenuation-frequency 


curves of the old and new loading systems are given in Fig. 10. 
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0.2} Type Frequency 0 96 
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H-245-S 2400 
H-174-S 2800 
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0.1 H-63-P 3700 0.98 
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Fig. —-Attenuation-frequency characteristics of toll cable loading 


In the following discussion of detailed characteristics, the various 
phantom group loading systems will be referred to in terms of recently 
standardized designations which include a letter to symbolize the 
coil spacing, in combination with two numbers which correspond 
with the effective coil inductance values in milhenrys, the first num- 
ber referring to the side circuit coils and the second number to the 
phantom coils. The individual side circuit or phantom circuit loading 
systems have designations which include a letter to symbolize the 
coil spacing, coupled with the inductance value of the loading coils in 
milhenrys, and having a letter suthx or indicating the type 
of circuit, side or phantom. 

The fundamental differences between the new and the old loading 
systems are with respect to velocity of wave propagation and cut-off 
frequency, these changes having been made in accordance with the 
preceding discussion primarily for the purpose of reducing echo 


effects and transient distortion. For reasons of plant economy and 
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Hexibilitv, the new loading svstems all have the same coil spacing of 
6.000 teet. 

The coil spacing being tixed, it necessarily follows that anv reduc 
tion in coil inductance for the purpose of raising the cut-off frequency 
will also increase the transmission velocity. The attenuation im- 
provement obtained by the loading decreases as the velocity is in- 
creased. High velocity loading 1s more expensive than low velocity 
loading, in the sense that more repeaters are required for the same 
over-all loss. Obviously, although high velocity loading could be 
used for short haul trattic, it would not be so economical as a low 
velocity loading. Commercial considerations thus justify a series 
of loading standards, graded to meet the requirements of the ditlerent 
lengths of circuits. 

At the present time the two phantom group loading standards, 
H-44-25 and H-174-63, are sufficient to meet the graded requirements 
of commercial toll cable circuits, when used with suitable combina- 
tions of conductor sizes and repeaters. Three different general types 
of repeaters are used, known as the 21, 22, and 44 types! The 21 
type is used on two-wire circuits requiring only one repeater, under 
conditions where switched connections involving other repeaters are 
not involved. The 22 type is used on two-wire circuits requiring one 
or more repeaters. The 44 type is used on four-wire circuits, where 
one pair of wires is used for one-way transmission in one direction 
and the other pair of wires for transmission in the opposite direc- 
tion. When phantom circuits are worked on a four-wire basis, each 
one-Way transmission path actually uses four wires. 

Table XI lists the combinations of loading, conductor gage, and 
tvpe of repeater circuit which are used in meeting the wide range of 
commercial requirements. The position of the facility item in the 
table indicates the sequence of transmission excellence, Item (i) being 
the highest grade facility in this respect. In general, the cost of these 
facilities is in reverse order to the sequence of electrical excellence, 

The exact limits of the field of use of a given type of facility depend 
upon the magnitude of the permissible over-all! transmission loss, 
and upon the grade of repeater balance obtainable. A discussion of 
these features would bring in complicated engineering questions 
bevond the scope of the present paper. So far as loading features are 
concerned, it is sufficient to state that H-44-25 loading is generally 
used on circuits of approximately 500 miles or more. On = circuits 
intended for switched business, it is frequently necessary to use this 


Gherardi —Jewett, Loc. cit. 
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type of loading for much shorter distances. For further discussion 


ot the Use of repeatered loaded lines reference s made to recent 


papers presented before the Institute by Mr. J. J. Pilliod * and Mi 
H.S. Osborne. 

H-63-P versus 11-106 P Loading The standardization of hie 
H-63-P loading to replace the H-106-P | viding for association wit 


H-174-S loading, ts ot particular interest in Ww reactions 


of repeater requirements on loading design. Phantom circuits neces 


sarily have a lower attenuation constant than the associated sic 
1 


circuits. When the loading is designed to meet the same standard of 
cut-off frequency and the coils are spar ed at the same loading points 


When repeaters are used on such loaded phantom circuits, the net 


equivalent is practically no lower than the net equivalent of the asso 


ciated side circuits, due principally to the fact that the loaded sides 
and phantoms have practically the same ve 


locity. and cut-off tre 
quency characteristics. 

Under present operating conditions for 
that satisfactory transmission results can 


shi rl small loaded 


circuits of such lengths he 
obtained without using telephone repeaters, there ts ordinarily no 
important advantage in having the phantom circuit: more efficient 
convenience, of 
} 


Its assoct ited sick 


course, to be able to use the phantom cire uit and it 


service 


1 


than the side circuits. It is a distinet operating 


circuits indiscriminately for the same class of 

Having the above situations in mind, it was decided to redesign 
the phantom loading so that 11 would have approximately the same 
: “Philadelphia-Pittsburgh Section of New York-Chicago Cable,” J. J Pilliod 


Trans. A. I. E. E., Vol. 41, 1922, p. 446; Be System Techn Journal, Jan., 1922. 
Distances,’ HI. S. Osborne, Trans 


“Telephone Transmission ovet Long 


Vol. 42, 1923, p. 984. 
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attenuation constant at 1,000 cycles as the associated H-174-S load- 
ing. This resulted in the reduction of the phantom loading coil 
inductance to 68 milhenryvs. On the basis of equal attenuation losses 
in the phantom circuit and its side circuits, the continued use of a 
higher grade coil in the phantom circuit was no longer justified from 
a cost standpoint. Accordingly, the new 63-milhenry phantom coil 
Code No. SS7, Table IX) was designed to have approximately the 
same d-c. resistance as the earlier standard 106-milhenry coil (Code 
No. 5838), since this permitted a substantial reduction in the size of the 
loading coil and a consequent reduction in cost, without increasing the 
over-all losses in the associated side circuits. The design finally chosen 
resulted in the phantom coil having approximately the same over-all 
dimensions as the associated side circuit coils. This permitted the 
phantom coils to be mounted on the same spindles with the associated 
side circuit loading coils as phantom groups, thus reducing the amount 
of inside cabling. This gave improved electrical results, besides 
reducing the potting costs. The use of the smaller size phantom 
coil, in combination with a larger size case, made it practicable to pot a 
total of 45 phantom group combinations (135 coils) in a single case. 
Using the same size case for potting phantom group combinations 
involving the older large size phantom coils, the limit on the number 
of coils was JOS (36 phantom groups). 

The reduction of the phantom coi! inductance from 106) to 63 
milhenrvs made a substantial increase in the cut-off frequency and 
in the velocity of transmission, as noted in Table X. These improved 
characteristics made the H-63-P circuit much superior to the H-106-P 
circuit from the standpoint of echoes and velocity distortion character- 
istics. On this basis the H-63-P circuit is intermediate in transmission 
excellence between H-174-S and H-44-25 circuits. 

It was found inadvisable to make a similar change in the H-44-25 
loading svstem owing to. cross-talk reactions following the 
necessary use of higher repeater gains in the phantom circuit. These 
undesirable reactions, though present to a lesser degree in the case 
of the H-174-68 system were offset by the factors already described. 
The size of the H-25-P coil was, however, reduced to comform to the 
potting method adopted for H-174-63 loading. 

From the standpoint of repeater circuits the H-174-68 system ts 
inherently better than the H-245-155 system because of its higher 
velocity and higher cut-off, with resulting higher quality of trans- 
mission, Furthermore, as far as non-repeatered circuits are concerned, 
there is a negligibly small difference between the transmission. per- 


formances, considering frequency distortion effects as well as volume 


: | 

| 


ethiciency effects. The standardization of the H-174-65 phantom 
croup loading system, therefore, marked the abandonment of use in 
new facilities of the old standard H-245-155 phantom-group loading 
svstem. 

Attenuation Frequency Distortion. In addition to their improved 
velocity and cut-off frequency characteristics, the H-44-25 and H-174- 


63 loading systems have an important advantage from the standpoint 


of attenuation-frequency distortion effects, as is illustrated in’ Pigs 


10 and 11. The frequency distortion effects illustrated in Fig. 10 
0.001 
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hig. 11 —Attenuation-frequency characteristics of short and long loa 
circuits having a net attenuation loss of 10 TU at L000 eyeles 


may become very serious in very long lines. An indication of this is 
given in Fig. 11. The heavy line curves in this diagram illustrate 
the attenuation-frequency characteristics of a 500-mile 19 A.w.eg. 
cable circuit involving the various types of loading noted, assuming 
that “perfect repeaters” are used in each case to reduce the total line 
loss to 10 TU at 1,000 eveles. The foregoing “perfect repeater” is 
assumed to have the same amplification at all frequencies. Of course, 
in order to have the same over-all efficiency in the different types of 
circuits at 1,000 cvcles, it is necessary to assume different total amounts 
of repeater gain. The dotted lines in Fig. 11 illustrate corresponding 
frequency characteristics of short: non-repeatered cables having the 
same types of loading as before; in each case the length of 19 A.w.g 
cable circuit being chosen so that the non-repeatered circuits have the 
same loss (10 TU) at 1,000 cycles. A visual inspection of the dotted 
and heavy line curves indicates how the line losses pile up in long 
connections. In the old standard low cut-off loading, the accumulated 


losses in very long lines amount to a suppression effect for frequencies 
above 1,600 cycles. 
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In very long lines having the newer grades of loading, the line losses 
are still sufficient to cause serious attenuation distortion effects it 
allowed to go uncorrected. The improved types of repeaters now 
used on long loaded circuits provide somewhat higher gains at the 
upper speech frequencies, thereby obtaining approximately a thet 
frequency characteristic over a wider frequency range, In repeaters 
used in conjunction with the H-44-25 loading. losses are introduced 
at the lower speech frequencies by auxiliaries to the repeater circuit 


for the purpose ( 


f flattening the frequency characteristic at Jow 
frequencies. An indication of the improvement obtainable in. the 
above ways is given by a dot-dash curve in Fig. IL, which illustrates 
the attenuation-frequency characteristic of a 500-mile H-44-S cil 
cuit having the best types of repeaters now commercially available 

In view of the difticulties brought Into repeatered circuits by the 
use of loading, the question comes up: “Why not use more repeaters 
and do without the loading?” In the case of long cable circuits the 
answer to this question is that the coil loading substantially improves 
the attenuation and substantially reduces the frequency distortion 
at a cost which is much lower than the cost of the additional repeaters 
and distortion corrective networks which would be required to give 
the same grade of transmission without using loading. 

Long Re peatered Open Wire Lines. In the case of the long open 
wire lines, the present day answer to the foregoing question is un 
favorable to the use of loading. The use of improved types of repeaters 
now makes it possible to secure better transmission results in long 
repeatered circuits without loading, than can be secured in loaded 
repeatered lines. In this connection it should be noted that in the 
case of non-loaded open wire lines the distributed inductance is 
sufficiently large to keep. the attenuation-frequency distortion low. 
Also the velocity of transmission is very high relative to that of a coil 
loaded line and there is no cut-off effect except that produced by the 
filters and other apparatus in the repeater sets 

These general transmission considerations are resulting in’ the 
removal of coil loading from high grade open wire lines. This dis 
mantling work is being accelerated in order to adapt the open wire 
plant for a much more extensive application of carrier telephone and 
carrier telegraph systems. 

The present expectations are that in the future new applications 
of open wire loading will generally be limited to isolated cases of 
short lines where carrier telephone or telegraph systems are not 
contemplated and where the maintenance and operating conditions 
are unfavorable to the use of telephone repeaters, 


Cable Loading Installation Features. Cost cot siderations make 
lesirable to use aerial cable in the long toll « ible installat Ons, SO 
this type ol construction is eenerally used in the open countrys li 
the vieinity of large p ipulation centers, underground cable is used 

Typical aerial cable loading installations are illustrated in Figs. 12 


and 13. On the main trunk cables two-pole // fixtures capable ot 


supporting four to six large coil cases are usually required Fig. 12 


Fig, 12 Installation of aerial toll | oadin m t-case “HY” fixtur 


illustrates a fixture of this twpe designed for supporting four cases, 
three of which are already in place. On the smaller bran h cables a 
single pole fixture such as illustrated in Fig. 15 is commonly used. 

At the time a toll cable is installed, provision is made in the cable 
splices for the ultimate requirements as well as for the initial loading 
installation. Ordinary splices are made for the coils which are 1n- 
stalled at the time the cable is placed, and “balloon” splices which 
provide the slack wire required for splicing are arranged tor sub 
sequent installations. 


III]. LoapinGc ror INCIDENTAL CABLES IN OPEN WirrRE LINES 


In the loading applications disc ussed in the preceding set tions, the 
primary purpose of the loading is to reduce line attenuation losses and 
frequency distortion effects. In the case ff incidental pieces of cable 
in open wire lines, however, the primary function of the loading ts to 
give the inserted cable approximately the same impedance character- 


istics as the open wire line, in order to minimize reflection effects 
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at the junction of the cable and the open wire construction. An 
incidental cable occurring at a line terminal is ordinarily known as a 
toll entrance or a terminal cable; when occurring at an intermediate 
point, it is known as an intermediate cable. 

The reduction of junction impedance irregularities has become 


especially important during recent years as a result of the rapidly 


increasing use of telephone repeaters, since in repeatered circuits, 


big. 13) Installation of aerial toll cable loading—single pole fixture for small branch 
cables 


line impedance irregularities, by virtue of their effect: upon the re- 


peater circuit’ balance, may reduce the effective repeater gain and 


e thereby impair transmission by an amount much larger than the 
ordinary reflection loss. Prior to the general use of telephone re- 
peaters, satisfactory results were obtained by using some one of the 


standard heavy or medium weight cable loading systems on the 


entrance and intermediate cables associated with loaded open wire 
lines, and a special weight of loading was used on the incidental 
cables in the non-loaded open wire lines. In some cases ordinary 
medium loading was used, with suitable types of step-up or step- 
down transformers at the terminals of the inserted cable. 

Incidental Cables in Loaded Open Wire Lines. In toll entrance 


and intermediate cables associated with loaded open wire lines, the 
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primary requirements for matching impedance are that the nominal! 


impedance and the cut-off frequency of the cable loading and of the 
loaded open wire line should be closely the same Po a tirst degree 
of approximation this means that the cable loading sections should 
have the same total mutual capacitance as the open wire loading 
sections, which, of course, requires a very much closer spacing. The 
cable loading svstem which was standardized for use in association 
with loaded open wire lines is designated “E-248-154". 0 [ts primary 
electrical characteristics are given in Table NIP. Besides meeting 


FABLE XII 


Non 
Coil C ut-ott 
Loading Coil inal \tte on I 
re 
Svstem ( Spacing per Milk 
Henrys Cveles 
(hms 
f.-28-16 Sick O O2S 1 09 O50 7 15 13 \ 
3 
Phantom O 016 1 09 SO) 
CE-4,1-12.8 Sic O O 176 1000 
- \ 
Phantom O O128 1.09 S300) 19 
M -44-25 Sicle 0.044 | 1.66 O50 29 16 A 
Phantom 0025 1.66 hy) L900 24 
-248-154 Side 248 1 09 1950 OS] 
Phantom 154 1 09 1200 O70 
Nork. Cable capacitance is assumed to be 0.062 af per mile for side circuits, and 


0,100 wf per mile for phantoms. 


the impedance requirements for use in association with repeatered 


open wire lines, it is also very satisfactory with respect to attenuation 
characteristics. In placing this loading, it 1s customary to locate 
the first loading point in the cable at such a distance from the last 
loading point in the open wire line that the total capacitance of the 
junction loading section is closely the same as that in the regular 
open wire loading sections. 

Incidental Cables in Non-Loaded Open Wire Lines. The problem 
of designing coil loading for incidental cables in  non-loaded open 
wire lines is considerably more complicated than the case above 
discussed, primarily because it involves an impedance match between 
a smooth line and a lumpy line. Broadly stated, the first part of the 
problem is to design a loaded cable of such characteristics that it 


\n 
te 


corresponding smooth line is closely similar to the non-loaded open 
wire line. The second and more complicated part of the problem is 
to determine the coil spacing. “Phis usually involves some degree ot 
compromise, because of the dependence of the impedance of a loaded 
cable upon the loading termination, 

The first general requirement is that the ratio of inductance to 
capacitance to resistance per unit length in the loaded cable should be 
the same as the corresponding ratio in the non-loaded open wire line 
Ordinarily, the loading coil resistance does not play an important 
part in the determination of the optimum: resistance for the loaded 
cable, the choice of conductor gage being far more important. From 
this point of view, No. 18 Aw.g. is practically the best gage of con 
ductor for entrance cable circuits connecting with 165-mil open wire 
lines. For the optimum impedance mateh on cables connecting with 
1O4-mil open wire lines, it is necessary to use much higher resistance 
conductors, the choice between Nos. 16 and 19 A.w.g. conductors 
depending upon a number of factors which space limits do not allow 
to be discussed 

As noted in the discussion under “Theory” in the first part of the 
paper, the characteristic impedance of a uniform line is substantially 
a pure resistance, having the value V L/C over the frequency range 
throughout which the inductive reactance per unit length is large 
with reference to the resistance. On the other hand, the character- 
istic impedance of a coil loaded cable varies over a wide range with 
frequency, depending upon the particular loading termination used. 

Pypical impedance-trequency curves for mid-coil and mid-section 
terminations are illustrated in Fig. 3. As will be seen from this dia- 
gram, the rising slope of the mid-section termination and the drooping 
slope of the mid-coil termination do not deviate greatly from a straight 
line relation for frequencies below approximately 0.5 of the cut-off 
frequency. The higher the cut-off frequency is, the more closely 
will the impedance-frequency characteristic of the loaded cable 
approach the flat characteristic of the non-loaded open wire line over 
the range of frequencies involved in speech transmission. In this 
connection, it is to be noted that the repeaters now used on open wire 
lines are designed to transmit frequencies between approximately 
200 and 2,600 cycles. Of course, the higher the cut-off frequency, the 
more expensive will be the loading. Practical reasons make it desir- 
able to space the loading coils on the cable circuits connecting with 
non-loaded open wire lines at the same intervals as the coils which 
are used on the cable circuits connected with the loaded open wire 


lines. This consideration in combination with the nominal impedance 
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requirement previously mentioned, tives the cut-off characteristics and 


hence, the slope of the termination impedance-frequency characteristic 


These general considerations have led to the standardization of the 


E-28-16 loading svstem for use on entrance cable and intermediate 


cable conductors associated with non-loaded open wire lines. Genera! 


data for this svstem are given in Table NIL, and the computed im- 


pedance characteristics are illustrated in Fig. 14, which also giv 
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the characteristic impedance curves for the non-loaded open wire line 


and the non-loaded cable. Since the E-28-16 loading svstem is a low 


impedance 'oading, the attenuation improvement is small relative 
to that of other tvpes of loading svstem which are primarily installed 
for attenuation improvement. 

Table XII also gives general data regarding the M-44-25 entrance 
cable loading svstem which has been used to some extent as a sub- 
stitute for the E-28S-16 loading system on cables connected to non 


loaded open wire lines. The M-44-25 system used higher inductance 
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loading coils and considerably longer spacing intervals than the 
I.-28-160 system, and was consequently less expensive. The impe- 
dance characteristics, however, were not so satisfactory at the upper 
speech frequencies because of the greater slope of the impedance- 
frequency ¢ haracteristic, due to the lower cut-ott. 

Carrier Frequency Loading. Special tvpes of entrance cable load- 
ing have been developed for use on incidental cables in open wire 
lines on which carrier telephone or carrier telegraph systems are super- 
posed. Loading system C-4.1-12.8 listed in Table XIL exemplities 
this type of loading. The present standard carrier telephone systems 
operate up to frequencies of the order of 30,000 evcles.*4 

In order to get satisfactory impedance and attenuation character- 
istics in the loaded incidental cables, a cut-off frequency of approxi- 
mately 45,000 eveles is used. 

Phe highest working frequency in carrier loaded cables is approx- 
imately 0.75 of the cut-off frequeney. The ordinary mid-coil and mid- 
section terminations do not give sufficiently close approximations to a 
Hat impedance-frequency characteristic over this wide range of fre- 
quencies, so it has been necessary to use at the terminals of carrier 
loaded cables, a simple impedance corrective network, 

Data regarding attenuation losses ina typical carrier loaded cable 
are given in Table XPT. For purposes of comparison similar data 
are given on a corresponding non-loaded cable. Effective resistance 
values of the carrier loading coil are also included. 

The high frequency loading is used only on the side circuits, since 
at the present time it is not customary to operate carrier telephone 


systems over phantom circuits. The associated phantom circuit 


TABLE. XTU 


Carrier Frequene Loa line 


\ttenuation Loss-TU per Mile 


hve quency 13 w. g. Cable Resistance 
Kiloeveles Ohms pet Carries 
Loading Coil 
Non-Loaded Loading t 
1 Q 49 0.23 15 
5 0.78 0.27 16 
10 0.90 0 33 19 
114 0.52 
30 1.37 0.90 81 


“Carrier Current Telephony and Telegraphy,” E. H. Colpitts and O. B. Black- 
well, Trans. A. I. E. E., Vol. 40, 1921, p. 205. 
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loading is designed for ordinary speech transmission. In order to 
transmit the high frequency carrier currents over the side circuits, 
it is necessary to have the side circuit loading coils spaced much 
more closely than for the ordinary voice frequency loading coils in 
the phantom circuit. On this account the theoretically best loading 
points for the carrier circuits frequently occur at places where it is 
inconvenient to locate the loading coils. The actual loading sections 
in such cases are made shorter than the theoretical lengths, and the 
deficiencies in loading section capacitance are remedied by adding 
lumped) capacitances in the form of “building-out) condensers.” 
Ree ently, Spec ial types ¢ { stub cable designed Sper tally for building 
out purposes have come into use as substitutes for building-out con- 


densers. 


Loading Coils. The design of the coils used in the E-2S8-16 and 
M-44-25 loading svstems is generally similar to the toll cable loading 
coils having 35-permeabilitvy compressed powdered iron cores already 
described. The loading coils used in the F-248-154 loading svstem 
are larger coils of the air-gap type 65-permeabilitv. wire core con 
struction listed in Table VII. 

As regards the carrier loading svstem, Che-4.1-12.8, since this in 
volves the transmission through the loading coils of frequencies up 
to 30,000 cycles or somewhat higher, special coil designs are required 
The coil which loads the audio frequency phantom circuit, aside from 
being specially balanced for association with the side circuit coils, 
is generally similar in construction to the compressed powdered iron 
core phantom coil for toll cables. 


The side circuit coil, however, is used for loading the high tre- 
quency circuit, and more severe requirements are, therefore, Imposed 
on it owing to the multi-frequency transmission. Ordinarily the cir- 
cuits are equipped to provide three or four carrier telephone channels 
or 10 carrier telegraph channels over a pair of wires, in addition to the 
ordinary audio frequency telephone and grounded telegraph channels 
The primary added requirements as regards the loading coils are 
freedom from intermodulation between channels, and Jow energy 
losses at carrier frequencies. The most satisfactory solution as regards 
freedom from magnetic modulation is the avoidance of the use ot 
ferro-magnetic core materials. The side circuit loading coils were, 
accordingly, designed as toroidal wood core coils, with finely stranded 


copper windings in order to limit the eddy-current losses. Data 


regarding resistance-frequency characteristics are included in Table 


XIII. 


The air core side circuit coils have a small leakage inductance 


which must be allowed for in determining the phantom coil induet 
ance For this reason the phantom coll inclu tance is lower than In) 
the | 28-16 sVstem in order to avoid impedance 
regularity in the carrier circuits at the phantom loading points. it is 


earner-phantom loading units should 
have closely the same total induct 


necessary that the combinat 


ince and shunt capacitance as the 
ordinary carrier loading coils. ‘This requires the use of a different 
type of carrier loading coil at the phantom loading point from that 
at the non-phantom loading points, having a lower inductance and 
capacitance corresponding to the leakage inductance and shunt 
capacitance of the associated phantom coil. Other refinements. of 


design are involved in these combination loading units. 


IV. ‘Cross-TAuK 


One of the greatest practical difficulties which has been encountered 
in extending the commercial range of long distance t: lephone service 
is that of keeping at a tolerably low value, the speech overhearing 
effects known as cross-talk, which occur between adjacent telephone 
transmission circuits whenever there is an appreciable amount. of 
electromagnetic or electrostatic coupling between them. 

From the early days of telephony great care has been exercised in 
plant design and construction work to avoid circuit: and apparatus 
unbalances, but as is to be expected from the nature of the problem, 
it is practically impossible to obtain and maintain al solutely perfect 
balance. In short telephone circuits, there is no particular ditticulty 
in keeping the unbalance effects small enough so that the over-all 
cross-talk is not serious. As the length of the line increases, however, 
there are more and more opportunities for unbalances in the lines and 
in the associated apparatus in the lines and offices. In repeatered 
lines, moreover, the repeaters amplify the cross-talk as well as the 
speech transmission. Thus we have the cumulative effects of cross- 
talk from SUCCESSIVE SEC tions in the long repeatered lines. From the 
service standpoint, moreover, it is nec essary that the cross-talk in the 
very long lines should be within the limits set for the shorter lines. 

The problem of keeping cross-talk low between a phantom circuit 
and its associated side circuits, and between the two associated side 
circuits of a phantom group, is by far the most difficult phase of the 
general cross-talk problem in long repeatered cables. It is present in 
the cables, the loading coils, the terminating apparatus and the office 


*% U.S. Patents Nos. 1,501,959, Martin and Sh iw; 1,501,926, Shaw. 
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cabling. Ot these, the cable and associated loading coils are the majo! 
sources of unbalances 
The phantom to side and sic tO sic Cross-t ill unbal Ces in the 


cable quads are reduced to small values by exercisng great care both 


in the various manufacturing processes an 
materials. When the cable is inst led in the tield, a large improve 


ment in cross-talk conditions ts secured by splicing adjacent lengths 
ol cable together in such a Way that the unbal ices in one length of 
cable substantially neutralize the unbalances contributed by the 
adjacent leneth ot cable Usually, three such “capacity unbalance 


test” splices are made at tri al points In each see tion 
and as a fre sult the average ovel all Capa it\ inbalance ina loading 
section is reduced to about one-t nth of the magnitude which would 


hold if these test splices were not m ide 
| 


In the design of the standard phantom cireutt ind side circuit loading 
coils, Spec ial care Was taken to m ike them substat tially tree trom 
inherent unbalances Iso in the manufacture of the coils, great care 
is exercised to realize he benetits of the nherent yvinmetryv of the 
designs. In thre early davs before telephe Tit repeaters Cane mito 
veneral use on loaded lines, satisfactory results from the standpoint 


of self inductance and mutual inductance unbalances wert obtained 


by adjusting the different windings to the nearest turn; Z.e., a condi 


tion of balance where either adding 01 subtracting one turn to one of 
the line windings would increase the cross talk rather i 

Later when repeaters came into gene ral use, it was found neces- 
sary to obtain much more refined adjustments. Further improve- 


ments have been worked out in manufac turine methods and processes 


Asa result of these various 
} 


which allow a greater degree of symmetry. 
improvements, the phantom to-side cross-talk unbalances int 
loading coils have been reduced approximately 9 per cent. or More 
below the values obtained before repeaters came into general use on 
small gage toll cable. The coil cross-talk unbalances are now nearly 
as low as the cross-talk unbalances in the associated cable sections 


after the completion of the capacity unbalance test splicing 
The loading coils used in the very long circuits having H-44-25 
loading obviously are more important from the standpoint of cross- 


talk limitations than the coils used in the shorter circuits having 


H-174-65 loading, and somewhat greater care is required in their 


manufacture. These coils are adiusted and tested in a tactory test 


circuit which at the cross-talk test frequency simulates the service 
impedance conditions. In the phantom to-side cross-talk test, the 
disturbing test current is superposed on the phantom circuit, and 


| 
' 
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measurements of the cross-talk are made in the side circuits, the 
cross-talk being expressed in millionths of the current into a trans- 
former Connected to the phantom circuit and of such ratio as to make 
the impedance at its input equal to that of the side circuit. As a 
result. of the improvements previously mentioned, the average cross- 
talk in the coils used for the H-44-25 loading is now about 20 millionths 
Phis corresponds to an attenuation of about 95 TU, 

To assist in visualizing the real achievement which this minute 
value of phantom-to-side cross-talk represents, Table XIV gives 
information regarding the cross-talk of different elementary types of 


unbalance in H-44-25 loading coils: 


TABLE XIV 


Cross-talk Due to Unbalance in H-44-25 Loading Coils 


Pype of Unbalance Amount of Cross-talk 
1 ohm resistance millionths 68 
micro-henry inductance » 5 
1 turn of winding 280 tt EU 
1 micro-microfarad capacitance O94 


Phese values apply at 1,000 cycles. 

In the loading coils designed for H-174-63 loading, the cross-talk 
per unit of electromagnetic unbalance tends to be smaller and the 
cross-talk per unit of electrostatic unbalance larger, in rough propor- 
tion to the differences in line impedance between the H-44-25 and 
H-174-63 circuits. 

Side-to-side cross-talk is uniformly lower than) phantom-to-side 
cross-talk, as would be expected from the less intimate coupling 
between circuits. Accordingly, the special adjustments which are 
made are primarily for the purpose of reducing phantom-to-side 
cross-talk. 

In the loading coils intended for H-44-25 circuits the special cross- 
talk adjustments are applied for minimizing ‘‘far-end”’ cross-talk or 
for minimizing “‘near-end” cross-talk, according as the coils are re- 
quired for four-wire or two-wire repeatered circuits, respectively. 
Phe term “far-end” cross-talk applies to cross-talk heard at the 
distant end of the disturbed circuit, and correspondingly the term 
“near-end” cross-talk applies to the cross-talk heard at the end of 
the disturbed circuit near the talker. 
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Considering now the cross-talk between four-wire circuits im the 
same quad, it is to be noted that the directional effects of the tele 
phone repeaters block the transmission of cross-talk in the one-way 
path back to the near end of the circuit, and consequently the special 
cross-talk adjustments on the coils for four-wire H-44-25 circuits are 
made primarily for reducing far-end cross-talk 

In two-wire circuits, near-end and far-end cross-talk both occur. 
and generally near-end cross-talk is much greater because its “average” 
cross-talk path has less attenuation than that of the far-end cross-talk 
Consequently, the special cross-talk adjustments made in the two 
wire circuit coils are for the purpose of reducing the near-end cross- 
talk to a minimum, 

In the foregoing connection, it is to be noted that the cross-talk 
current caused by electromagnetic unbalances flows around the two 
ends of the disturbed circuit in series. On the other hand, the cross 
talk current caused by electrostatic unbalances divides and = tlows 
from its point of origin in opposite directions around the two ends of 
the circuit in parallel. Consequently . when electrostauc and electro- 
magnetic cross-talk currents are in phase at one end of the circuit, 
they will be practically in phase opposition at the other end of the 
circuit. The special cross-talk adjustments are made in such a way 
as to get the maximum benefit from the phase opposition at. the 
particular end of the circuit where the reduction is more important 

In the four-wire type of circuit used in verv long cable circuits, 
relatively large amplification gains are possible in the repeaters 
because of the characteristic circuit feature which allows the re- 
peaters to act as one-way amplifiers. As a result of these high am- 
plifications, there are large differences in power level on the input 
and output sides of the repeaters. This fact has made it desirable 
for cross-talk reasons to segregate the oppositely transmitting branches 
of the four-wire circuits. In the cables, the “east-bound” and ‘west 
bound” branches of the four-wire circuits are in different groups 
This segregation is also carried out in the loading coil pots, and in the 
office cabling.” 

With loading coils as manufactured at) present, the cross-talk 
unbalances in the loaded cables are such that the resultant over-all 
cross-talk is expected to be tolerable for the longest circuits now 
definitely planned in cable. The margin below commercial limits is 
much less in two-wire circuits than in four-wire circuits. At present, 


there is a growing tendency to use two-wire circuits for longer distances 


%*U.S. Patent No. 1,394,062 —O. B. Blackwell 
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than formerly, for reasons of plant economy. This trend thus increase 
the severity of the cross-talk requirements. 

Unbalances in loaded circuits which contribute to noise due t 
induction from power transmission distribution circuits are 
similar in nature to those contributing to cross-talk. The precautions 
which are taken in the design, manufacture, and installation of loaded 
circuits to reduce unbalances have the effect, therefore, of reducing 
both cross-talk and noise. 


VV. TELEGRAPHY OVER LOADED TELEPHONE CIRCUITS 


It had been the practise in the Pell System, before the advent 


of loading, to emplov circuits for simultaneously transmitting tele- 
phone and telegraph currents. Two methods were in general use, (1 
the composite system, in which cach line wire of the telephone circuit 
provided a telegraph channel with ground return, and (2) the simples 
system, in which the two conductors in parallel were used with a 
ground return, 

It was very desirable to continue to superpose d-c. telegraph cur- 
rents on telephone circuits after the introduction of loading. The 
possible detrimental etfects of the superposed telegraph and. tele- 
phone currents passing through the loading coils did not require 
serious consideration so long as the circuits were relatively short, 
-ince the magnetic modulation in the loading coil cores due to super- 
posed hysteresis effects was sufficiently small to be negligible. As 
the length of the loaded circuit was increased, the interaction between 
the telegraph and telephone currents which has been designated in 
an Institute paper as “flutter,” was aggravated serious dis- 
tortion of speech resulted. 

Measurements of flutter etfects obtained with the two grades of core 
material then in use, viz., 65-permeabilitv and 95-permeability wire, 
showed the lower permeability. core material to be substantially 
better in this respect. This material has already been adopted for 
the high etticiency loading coils used on the large gage toll cable 
circuits, and for open wire lines used in spanning considerable dis- 
tances. 

In order to obtain improved transmission over composited and 
loaded Nos. 16 and 19 Aww.g. cables, the side circuit and phantom 
loading coils for this grade of service were redesigned in 1915 to employ 
65-permeability cores working to the same over-all dimensions. In 


7 “Hysteresis Effects with Varving Superposed Magnetizing Forces,”’ W. Fondiller 


and W. H. Martin, Trans. A. I. E. E., Vol. 40, 1921, p. 443 
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addition to improved flutter characteristics, the replacing loading 
coils had somewhat lower iron losses, and their cost was. slightly 
higher. 

A substantial reduction in flutter distortion effects was later ob 
tained in superposed telegraphy over loaded open wire lines and long 
coarse gage cable circuits, with the adoption of the air-gap type of 
loading coils already described (Table VIED) as the latter had con 
siderably better hysteresis characteristics than the corresponding 
tvpes of continuous wire core coils which they superseded. 

The operating requirements for the grounded telegraph systems 
referred to above, necessitated the use of telegraph currents of very 
large amplitude relative to the telephone currents; consequent], 
on such circuits it was impracticable to realize the benetits of reduced 
flutter distortion which would have resulted from the use of small 
amplitude telegraph currents. These possibilities, however, have been 


fully realized by the development of a metallic polar duplex telegraph 


system °8 to meet the special requirements imposed by superposed 
telegraph operation over long small gage telephone circuits. In this 
system, the superposed telegraph current is of the same order of 
magnitude as the telephone current. Under these favorable operating 
conditions, the flutter distortion effects caused by modulation in the 
cores of the present standard 35-permeability compressed iron powder 
core loading coils, are within satisfactory limits on the longest circuits 
which are used simultaneously for telegraph and telephone service. 

The recent development of a voice frequency carrier telegraph 
system * providing 10 or more independent channels over a loaded 
four-wire cable circuit has made it economical to concentrate a large 
part of the telegraph service over the long repeatered cables on a 
special group of wires which are not used simultaneously for telephone 
purposes. This method of operation obviously eliminates all possi- 
bility of modulation effects between the carrier telegraph circuits 
and the speech transmission circuits. However, the possibility. of 
intermodulation effects between the different) superposed carrier 
telegraph channels involves the same fundamental requirements in 
the loading coils as when the telegraph circuits are superposed on 
telephone circuits. The requirements of these systems are satis- 
factorily met by the 85-permeabilitv compressed iron powder core 
loading coils now standard for use in toll cable loading. 


28 “Metallic Polar-Duplex Telegraph System for Cables,’ Messrs. Bell, Shancek and 
Branson, Trans. A. I. FE. E., 44:337, 1925. 
“WVoice-Frequency Carrier Telegraph Systems for Cables,” Messrs. Hanmiulto 


Nyquist, Long and Phelps, Trans. A. I, E. ., Vol. 44, 1925, p. 327 
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VI. ReceNnT IMPROVEMENTS IN LOADING FOR EXCHANGE 


AREA CABLES 


The developments discussed in the preceding sections were directed 
to improving and extending the range of long distance telephone 
service. During the greater part of this period the loading standards 
for exchange area trunk cables remained fixed. The tirst important 
change occurred about 1916, when compressed powdered iron core 
coils came into general use in place of the old standard wire core coils. 

In the period 1922 4, the use of new types of fine wire cables had 
reached a point which required that certain changes be made in the 
old standard loading systems. Accordingly a new series of improved 
loading systems having a considerably higher cutoff frequency than 
the original standard systems, described in Table II, were developed. 

Cable Developments. Notable advances have been made in the 
art of cable manufacture during the last decade or so, including the 
standardization of 450-pair 19-A.w.g. cable, 900-pair 22-A.w.g. 
cable, and 1,200-pair 24-A.w.g. cable, all contained in standard full 
size sheaths (2°, in. outside diameter). For each of the conductor 
gages involved, each of these new maximum size cables has approxi- 
mately 50 per cent. more conductors than the previous maximum 
size cable, tvpitied by the old) standard 300-pair No. 19-A.w g. or 
H00-pair No, 22-A.w.g. cables. 

The newer types of cables have a smaller amount of paper insula- 
tion on the individual conductors with a resultant increase in mutual 
capacitance. 

About 1921 the methods of stranding the newer types of fine wire 
cables (No. 22 and 24 A.w.g.) were changed in order to improve their 
balance characteristics. These changes made the cables suitable 
tor the appheation of loading. 

The use of the old standard loading systems on the new types of 
cables would have resulted in an objectionable impairment of quality, 
due to the reduction of the cut-off frequency resulting from the in- 
creased cable capacitance. Also the types of coils available were 
more expensive than could be justified for permanent standards on 
the low cost tine wire cables. Accordingly the development of new 
loading systems and less expensive coils was undertaken. 

Determination of New Cut-Off Frequency Standard. The coil 
design cost-balance study was taken up as one phase of a general 
transmission-cost study of exchange area transmission, which also 
included a theoretical investigation of cut-off frequency standards. 

In this work use was made of recent investigations of the effect 


| 


of variations in the frequency distortion and volume ethciency of a 
telephone circuit on the capability of the circuit to transmit and re- 
produce intelligible speech. 

In the cost studies, allowance was made tor the reduced costs of the 
new types of cable facilities, and the use of less expensive types of 
coils proportioned to be in approximate cost-equilibrium with these 
facilities. On the basis of these new cost relations, it was found that 
an increase in the cut-off frequency of exchange area loading could be 
justified. Further studies showed that if the cut-off frequency should 
be raised materially above 3,000 evcles the increased costs would be 
large in proportion to the resultant improvement in transmission 
On this basis, it was decided to adopt 2,900 eveles as the cut-off 
frequency standard for the new loading, when used on higher capaci 
tance cables. This corresponds to a cut-off frequency of approxi- 
mately 3,200 evcles on the older types of low capacitance cables 

Vew Standard Loading Systens. Having decided upon a new 
cut-off frequency standard, the next step was to choose coil spacings 
and inductance values. Obviously, in order to make full use ot 
available loading manholes and vaults, it is desirable to adhere to the 
established spacing standards. Also, it is desirable to make as much 
use as practicable of the old standard loading coil inductance values, 
in order to minimize the expense of rearranging the existing loading 
to conform to the new standards. Furthermore, there are important 
advantages in having a graded series of standards. This avoids 
economic waste otherwise involved in the use of expensive loading on 
trunks where a less expensive loading is good enough. 

The foregoing general considerations resulted in the standardization 
of certain new loading systems, the principal transmission features of 
which are summarized in Table XV. 


rTABLE X\ 
Vew Loading Standards for Exchange Area Tria 
\pprox. Cut-otf Frequer 
Cycles 
| 
Loading Coil Cor 
Designation Spacing Code High Low 
Feet Nos Capacitance Capacitance 
Cable Cable 
M-8&8& 9000 602 2900 3200 
H-135 6000 603 2800 2200 
H-175 6000 574 
£500 574 2000 3200 
Note. High capacitance cable has approximately 0.083 af per mile. Low capacit 


ance cable has approximately 0.066 uf per mile. 
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The M-SS system is espe lally suitable for the shorter lengths « 
tine wire trunk cables which constitute the predominating bulk of the 
exchange area trunk mileage. In longer trunks, the other more ex 
pensive loading svstems find their field of service. The H-175 systen 
is limited to low capacitance cables because cf the lower cut-ott 
effects on high capacitance cables, but has considerable commercia 
importance because of the large number of low capacitance cables 
now in the plant. 

Table XVI gives general transmission data on typical exchange 
area trunks using the new leading systems, including also non-loaded 
trunks. Attenuation-frequency characteristics of some of these trunks 
are given in Fig. 15. A dotted line curve shows the characteristics 


TABLE XVI 


Transmission Characteristics of Typical Exchange Area Trunks 
Cable Cut-ott Circuit Attenu 
Con- Impe- — 
tance System Code quency Loss 
\.w Mile No. Cycles Ohms PU per 
g. Mile 
24 0.079 Non-loaded 740 2.2 
0 083 - 570 1.8 
24 0.079 \I-SS8 602 2900 900 1 48 
2?) OSS \I-SS 602 2900 990 0 96 
H-135 603 2800 1300 OS 
19 O Non-loaded LOO 
2? O83 574 2900 1690 0.53 
19 0 O83 MI-SS 602 2800 SOO 0.51 
19 QO OSS 11-135 O03 2800 1280 ) 38 
19 0.006 H-175 574 2800 1640 0 29 
19 O O85 1)-175 574 2800 16080 0 30 
16 0 066 602 3200 960 0.24 
16 0 066 11-135 O03 3200 1420 0.20 
16 0.0606 H-175 574 JSO0 1640 0.17 
Nore. The impedance and attentuation figures hold at 1000 cycles. Impedance 


values for loaded circuits assume mid-section termination. 


of the old standard medium loading when used on 0.065 uf per mi. 
No. 19 A.w.g. cable. 

The position of the different types of facilitv in Table XVI indicates 
in a general way the sequence in regard to costs of the different types 
of facility: 1.€., No. 24-A.w.g. non-loaded cable circuits are the least 
expensive of those listed and H-175 loaded No. 16-A.w.g. cable the 


most expensive, the intermediate facilities being correspondingly 


intermediate in cost. 
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In general, it will be noted from Table XVI that the facilitw cost 
is in reverse order to the transmission efficiency. However. there are 


exceptions to this general tendency : for instance, non-loaded No. 14 


Aww eg. cable is less efficient and more expensive than No. 22-A.w.« 
| 
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cable with M-SS or H-155 loading. From this it will be apparent 
that non-loaded No. L9-Aww.g. cable has practically no economical 
field of service on a COMPELILLVE basis with loaded NO. 22-A.w ut cable 

The problem of the plant engineer in laving out trunk cables is to 
determine for each trunk group the type of facility which will meet the 
established transmission standards with the lowest cost. The permis- 
sible loss in a given length of trunk in a particular area depends on 
the type of service involved; for instance, a larger loss is allowable 
in a direct interotfice trunk than in other types of trunks forming 
part of a toll connection. 

The allowable loss for a given length and type of trunk varies 
widely among different metropolitan areas, due to local conditions. 
These limits are established by means of ‘‘loop-and-trunk” studies 
which determine for a particular area the most economical allocation 
of the permissible over-all loss between the subscriber loops and the 
interothice trunks. On account of the wide range of local conditions 
the fields of service of the different types of loaded and non-loaded 
trunks cannot be sharply detined. An indication of the service uses 
is given in the upper part of Fig. 16, which illustrates the possible 
applications of the new standard types of facilities for direct inter 
office trunk service, assuming maximum allowable losses of 11 and 


15 TU, respectively. The diagram shows, for instance, that M-SS8 
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loading on No. 22-A.w.g. cable is the preferred construction for 
trunks from 7.5 to 11.5 miles long, when working to an L1-TU limit 
The lower part of Fig. 16 indicates on a cumulative-percentage basis 
the distribution of direct interottice trunk lengths in the Bell System 

In the design of the exchange area trunk plant, it 1s, of course, 
necessary to consider the signaling characteristics of the facilities and 


associated equipment, as well as the transmission characteristics 
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Fig. 16-—Direci interoffice trunks 


CUMULATIVE PERCENTAGE 
OF TRUNK MILEAGE 


Field of use of different types of loaded and non-loaded facilities, working to 11 to 
15 TU limits on attenuation loss. Curve in lower part of diagram shows distribu- 
tion of trunks with respect to trunk length 


After a certain length is reached in a given type of facility, it may 
become necessary to use relatively expensive signaling equipment 
for working longer distances. In some cases of this kind, the total 
facility cost may be reduced by using a more expensive grade of 
circuit which will allow less expensive signaling equipment. 

In the application of the new standard loading systems, the same 
standards of over-all attenuation loss are adhered to, as in the older 
loading svstems. In consequence, there is an appreciable improve- 
ment in the intelligibility of transmission, due to the ability of the 
new loading svstems to transmit efficiently a range of high frequency 
voice over-tones which are suppressed by the old standard 2,300- 
evele cut-off. 

Along with this improvement in service, the new loading systems 
substantially reduce the plant cost; partly due to the economies 
which result from the extension of the transmission range of the new 
types of fine wire cables, and partly because of the use of materially 
less expensive types of loading coils. 
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Loading Coils and Cases. As previously noted, the first important 
change in the coils used for exchange area loading from the earls 
95-permeability wire core tvpe was the substitution of compressed 
powdered tron in place of wire for the cores. Initially, only coils 
having powdered tron cores with a permeability of 60 were designed, 
as this value corresponds to the effective value of the cores displac ed 
More recently, in order to better fit in with the requirements of the 


new cut-off frequency standard, coils using 35-permeabilitv. powdered 
iron cores have been developed. In Table NVIT are listed data 


for the coils now used in exchange area loading. 


rABLE XVII 


Couls for Loading Exchange Area Cabl: 


Over-all 

Resistance-Ohms Dimensions 
Coil Induct- Core Inches 
Code ance Perme- 
No. Henrys ability 

1)-( 1000 Diam Height 

C ye les eter 

602 0. O88 35 9 10.5 36 1.3 
O03 135 35 12.8 14.1 3.6 
574 0.175 60 t 6 10.6 45 4 


Effective resistance values are for a line current of O.OOL ampere 


The standardization of the small size Nos. 602 and 605 loading 
coils has made it possible to design containing cases and assembly 
methods which permit much larger numbers of coils to be enclosed 
in cases conforming to the dimensional limitations set by existing 
vault conditions. A series of cases having capacities up to 300 coils 
has now been developed. The use of these large potting comple- 
ments will be of considerable value in reducing the space congestion 
encountered in the “downtown” sections of the larger metropolitan 
areas. 

In the 800-coil case, a total of 1,200 soldered joints are required 
to connect the coil terminals to the stub cable conductors It was 
accordingly very important that the assembly method should involve 
a minimum liability to open circuits, crosses, or grounds. To ac- 
complish this, a method was devised whereby the various spindles of 
coils were assembled to a skeleton frame to which the cable stub con- 
taining the 600 terminal pairs is also attached. All splices to the 
outgoing conductors are made immediately adjacent to the individual 
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coil terminals, after which the skeleton unit consisting of the coils 
and stub cable with case cover attached, is picked up with suitable 


tackle, and the coil unit inserted in the case. Fig. 17 illustrates this 
The case is subsequently tilled with moisture- 
proof compound and sealed in the usual manner. 


stage of the assembly. 


Fig. 17-—Assembly of 300-coil case 


Lowering loading coils into case after coil spindles have been mounted on frame 


>and 
coil terminals splic ed to stub cable conductors 


Installation Features. In general, the exchange area cables on 
which loading is required are run in underground ducts and conse- 
quently the great bulk of the exchange area loading is installed in 
underground vaults. Fig. 1S shows a typical loading installation 


in a “double-deck” vault in New York City. The loading coil cases 
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Is are placed in the lower part of the vault permitting the coil terminal 
le stub cables to be brought up vertically behind the horizontal cable 
Is runs and spliced to the trunk cables in such a@ wav as to minimize 
. the difficulties of future work on the cables passing through the vault 


De seen al 


Fig. 18—Underground cable loading coil installation in Metropolitan area. Double 
deck vault having ultimate capacity of 14 large coil cases 


the top of the picture, and are supported on racks mounted on the 
upper side walls of the vault. 
At present, a total Gof eight loading cotl cases is installed in the 


vault illustrated in Fig. 17. Only tive of these, however, appear in 


the picture. The cases now in place contain a total of 645 loading . 
coils. The vault has space for six additional large cases, on which 
basis it is estimated that this vault will ultimately contain about te 


2,400 coils. Some of the largest vaults are capable of accommodating 


a total of 30 large cases containing a total of 9,000 coils. 


ce 
} lr 9] | 
Che trunk cables enter the vault through ducts which nav a 
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VII. LoabiInG FOR SUBMARINE CABLES 


Col Loading. The special problem of applying coil loading to 
submarine cables is a mechanical one, rather than one concerning 
the principles of loading. The situation in the United States is such 
that only a few coil loaded submarine cables have been required; this, 
of course, does not refer to the considerable number of instances 
where the submarine cables are so short that ordinary types of coils 
installed at the terminals satisfy the transmission requirements. 

Po date there have been installed in the United States a total of 
tive cables having submarine coil loading; details of which are given in 


Pable 


FABLE XVIII 


Coil Loaded Submarine ( ‘ables 


“ear ngt Spac- Coi 
Year Length No Spar oil 
Rd ot ot ot loaded ing ot Induct 
aie Instal- = Cable Load Cet Coils- ance 
cts. 
lation Miles Points Miles Henrys 
Chesapeake 1910 ‘5 2 17 pr. 13 A.w.g. 1.97 0.347 
Bay No. 1 
( hesapeake 1916 qd. 13 A.w.g. 0. 067-S 
No, 2 0.042-P. 
Parrytown 1916 2 37 qd. 16 A.w.g 0.89 0. 250-S 
Nvack 0.155-P 
Raritan Bay 1917 5.3 5 37 qd. 16 A.w.g. | 0.91 0. 250-S 
No. 1 0.155-P 
Raritan Bay 1918 5 37 qd. 16 A.w.g. | 0.89 0250-5 
No. 2 0. 155-P 


Phe Raritan Bay cables each have 37 quads loaded at five points, 
111 coils at each point, constituting the largest installation of sub- 
marine coil loading in the world. The depth of water in which these 
cables are installed is about 35 feet. 

In each of the above instances, dry core paper cables were used. 
Phe design of the coil was made to fit the special designs required for 
the submarine loading pots. The case design was such as to furnish 
complete protection of the coils against moisture penetration and ade- 
quate mechanical strength for taking up the tension in the cable. In 
installing the cables, the procedure was to splice the loading coil cases 
into the cable while the cable was coiled on a barge, and then lav the 


cable and coils as a continuous operation. The service record of these 


| 


loaded submarine cables is excellent, thus demonstrating a satisfactory 


solution of the many difficult mechanical problems involved 
Continuous Loadine. Another torm of submarine cable loading. 
first put into practise by the Danish engineer, C.K. Krarup.’ is to 
wind an iron wire or tape spirally around the copper conductor. This 
gives a continuous loading which has found important applications 
in the case ot telephone and telegraph cables laid in deep water. So 
far as land cables are concerned, it has been found that continuous 
loading is uneconomical in comparison with coil loading. The only 
instances of continuous loading in the plant of the Bell Svstem are the 
Klorida-Cuba cables.) connecting Key West and Havana, which are 


the longest and most deeply submerged cables in use for telephoni 


communication in the world. 


VIEL Extent or ComMMerctart APPLICATION 


The following data will assist in visualizing the practical importance 
of the developments which have been described in this paper 

In 1911, when Mr. Gherardi addressed this Institute on the subject 
of loading practise in this country, there were about 125,000 loading 
coils in service which loaded about 85,000 miles ot open wire circuits 
and 170,000 miles of cable circuits. Although pre ise figures are not 
vet available regarding the number of loading coils in service in the 
Bell System as of January 1, 1926, conservative estimates set this total 
at about 1,250,000 coils. These coils load about 1,600,000 miles of 
cable circuits and 250,000 miles of open wire. In round numbers, 
500,000 coils are installed on non-quadded local area trunk cables and 
700,000 in toll and toll entrance cables (the bulk of these being quadded 
cables). Nearly two-thirds of the total number of coils have com 
pressed iron powder cores, all of these being installed on cable circuits 
About 4500 coils having wooden cores are installed on carrier loaded 
entrance cables. The remainder have iron wire cores, approximately 
60,000 being of the so-called “air-gap” types. 

Prior to the development of satisfactory types of telephone repeaters, 
the principal use of loading coils was in exchange area trunk cables in 
large metropolitan areas such as New York, Chicago, Philadelphia, and 
Boston. The successful application ot telephone repeaters to loaded 
small gage cables has greatly increased the use of loading in the tele 
phone plant. As illustrating this trend, approximately 150,000 toll 


E. Krarup, Submarine Telephone Cables with ised Self-Induction 
ETZ., 23:344, April 17, 1902. 
W. H. Martin, G. A. Anderezz, B. W. Ken dill, “Key Sad na 


Telephone Cable System,” Trans. A. [. E. E., Vol. 41, 1922, p. 184 
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cable coils were manufactured for the Bell Svstem in L925. 


and 
proximately 100,000 exchange area cable coils 


Recent estimates of 
the loading coil requirements for the next five vears indicate an annual 
demand at a rate which would double the total number of loading 
coils in service about 1930. 

As regards the field of application for cable loading in terms of cable 
lengths, the entrance and intermediate cables represent the minimum 
lengths; for instance, pieces as short as 500 feet when present in carrier 


telephone systems may require loading. In the local exchange areas, 


toll switching trunks as short as two miles may require loading. On 
the other hand, as illustrating the longest circuit now entirely in cable, 
a connection between Boston and Milwaukee—-via New York, Pitts 
burgh, Cleveland, and Chicago—typities the possibilities in the exist 
Ing repeatered loaded ( able plant. Che Over all length ol such a Cire uit 
is approximately 1200 miles. Phere is no technical obstacle to the use 


t repeatered loaded cables for distances several times as great; 


Ol Le 
in the present state of the art, this is primarily a question of economics 
rather than of development. 


IX. CONCLUSION 


It will be appreciated from the foregoing account that the invention 
of coil loading was the beginning of an era of intensive dk velopment 
which has been marked by enormous advances in the design of tele- 
phone transmission lines, and that there has been no slackening of 
the inventional or development activity devoted to this subject. It is 
significant that at present more engineers and physicists in the depart 
ments represented by the authors are engaged on loading development 
problems than at any previous time. 


In this account of the progress of the loading art during the past 
quarter century, the authors have endeavored to point out the relation 


of the loading developments to other phases of telephone development 
such as cables, repeaters, telegraph working, and carrier telephone 
and telegraph systems. In the space that is available, it would be 
impracticable to assign full credit to the many individuals who have 
been engaged in the development work on loading and the 


related 
problems. 


The final accomplishments should be regarded as the result 
of well coordinated efforts along manv lines. 


In conclusion, it may be of interest to note what the development 


and use of loading has meant to the telephone using public from an 


economic standpoint, Lea, ing out of consideration altogether loading 


on long toll cables~-where the interdependence of repeaters and load- 
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A Static Recorder 


By H. T. FRIIS 


SYNOPSIS This paper discusses different types of apparatus for record- 
ing static and also describes a new instrument in which the output of the set 
is kept constant by automatic control of the amplification, this amplification 
then being rec orded as the relative measure of static. The set makes use of 
a tluxmeter with zero restoring torque by means of which the rectified 
output Current arising from static interference is integrated over a period 
of ten seconds. The following five seconds are required to adjust the gain of 
the ampliier and record the change in gain from an arbitrary level. 


Phe gain is recorded in stops of 4 TU which correspond to a power amplifi- 


cation change by approximately a factor of 2.5. A record is shown during 


which the intensity of static changed by a factor of more than 10,000, 


N the following is given a general discussion of receiving sets for 

recording static and also a detailed description of a new instru- 
ment of this kind which ts based upon the principle that the output ot 
the set is kept constant by automatic control of the amplification, this 
amplification then being recorded as the relative measure of the static. 

The literature on manual measurements of static is plentiful and for 
extensive references the reader may be referred to a paper on “Present 
Status of Atmospheric Disturbances,” presented by L. W. Austin 
before the American Geophysical Union.' Many different: methods 
of measuring static have been employed in obtaining the results given 
in this paper and it may further be added that we have found that the 
most rehable method of measuring the effect of static upon the intel- 
ligibility of speech signals is to introduce a local warbler signal? in 
the antenna. Unfortunately, however, all) manual measurements 
require trained observers and therefore the cost of making continuous 
measurements will always be high, and besides, the human element 
introduced will decrease their reliability. 

Very litthe has been published on automatic recording of static. 
The American Telephone and Telegraph Company and the Western 
Electric Company in 1928 developed an automatic static recorder 
which measured the high frequency currents induced in a loop antenna 
by amplifying them and passing them through a recording thermo- 
couple meter. This apparatus was also equipped with a means of 
automatically measuring the gain of the entire receiving device so 
that the energy of the static could be evaluated directly. A popular 
account of this device was given under the caption “Getting Static’s 
Autograph” by Austin Bailey in “Popular Radio,” May, 1924. 9A 
recorder working at Aldershot, Fngland, is mentioned in a paper by 

‘Will be published in the Proc. I. R. E. probably in the February, 1926, number. 

7See “Radio Transmission Measurements,” by Bown, Englund and Friis, Proc. 
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Rk. A. Watson Watt,* but it seems that this recorder is mainly an auteo- 
matic counter of static crashes and it would therefore be of litthe value 
in U.S. A. where static is mostly a continuous rumble. The reason 
for the small advance which has been made to date in the automatic 
recording of static is probably due largely to the lack of suitable ap- 
paratus. Certainly there has never been any doubt that automatic 
records would be very valuable. [t is just as important to know the 
static level as it is to know the strength of a radio signal because it is 
the static to signal ratio that determines the intelligibility of the signal. 
A static recorder connected to a rotating directional antenna system 
would tell us where static comes from and therefore enable the radio 
engineer to determine whether it is worth while to construct a directive 
antenna system. Also the connection between thunder-storm areas 
and static would make static recording valuable to the meteorological 
service. There is perhaps no reason why a suitable static recorder 
should not make it possible in a few vears to obtain a daily stati 
forecast just as we get our weather forecast now. 

The question is then, what would be the best way of obta ning such 
a record of static? It would, of course, be very desirable to get a 
continuous record of the actual shape of the static wave, but we have 
no hope of ever realizing this and will have to be satistied with the 
wave forms of a few typical static impulses as given by Watson Watt 
and FE. V. Appleton.* Besides it would require a tremendous amount 
of labor to interpret such a record. The recorder described in’ this 
paper records the energy received within periods of 10 seconds. To 
be sure, such an energy curve of static does not tell the whole story due 
to the fact that the character of static is so variable. Thus, the same 
energy levels of a continuous rumbling static and of static consisting 
of separate clicks does not mean that these two types of static have 
the same effect upon the intelligibility of a speech signal. However, 
the shape of an energy record will indicate the general character of the 
static, but whether such an energy record will enable us to obtain 
absolute quantitative results with respect to the effect of static upon 
speech signals cannot vet be determined until further experimental 
results are available. 


REQUIREMENTS OF AN ENERGY RECORDER 


Let us take the case of recording the rectified current through the 
receiver of an ordinary receiving set supplied with a local carrier 

3“ Directional Observations of Atmospheric Disturbances,” by R. A Watson 
Watt, Proc. Royal Soc. A, Vol. 102, page 477. 

“On the Nature of Static,” by Watson Watt and Appleton. Proc. Royal Soe. A, 
Vol. 103, page 84. 


284 BELL SYSTEM TECHNICAL JOURNAI 


oscillator. This may, for instance, be accomplished by replacing the 
phone by a thermocouple connected to a standard recording galvan 
ometer. Such a recorder would probably record the average of the 
current squared, but only for changes of energy received of not more 
than fifty times. The daily variation of the energy level of static (at 
60 kilocveles) is, however, generally at least 100 times and sometimes 
even 10,000 times, so that this method of employing a receiving set 
with fixed amplification is unsatisfactory. Besides it would be very 
difficult to prevent overloading of the set if we limit ourselves to the 
use of L0-watt tubes. 

One important requirement of a static recorder is therefore that the 
output level of the receiving set be kept constant, or more correctly, within 


TO MOTOR WHICH TO MOTOR WHICH 
INCREASES GAIN DECREASES GAIN 
OF SET ‘ OF SET 


METER RELAY 
RECTIFIER a MOVING COIL 
fe 
TO LOW FREQ R 
AMPLIFIER 


Fig. 1—Continuous recording system 


certain narrow limits. In the receiver here described, the amplitica- 
tion of the receiving set is varied so as to satisfy this requirement, i.e., 
the gain is automatically cut down when the output level reaches its 
upper limit, and vice versa. 

The output level of the set may be kept constant either by a con- 
tinuously or by a discontinuously working system. The first method 
is mentioned here for comparison purposes only and is illustrated in 
big. 1. The figure shows that the rectified output current is sent 
through a moving coil relay whose pointer can only move between the 
contact points 6 and ¢ while its real zero position is at a. Nothing 
happens if the pointer is between 6 and c but at the moment it touches 
b a motor will start, to increase the gain of the receiving set and will 


continue until the pointer is free again. Correspondingly the gain 
will be decreased if the pointer touches c. The purpose of the large 
resistance R and the condenser C is to prevent quick movements of 


| 


the pointer caused by the individual static crashes. The time con 
stant RC of the circuit would probably have to be at least tive seconds 


and the speed at which the gain of the set is changed must be cor- 


respondingly slow. This system will, therefore, react very slowly for 
greal changes in statu level. Ordinarily does not change very 
fast but if the recorder is working with a directive antenna svstem 


that is rotated say 360° in 20 minutes, then a fairly fast working 
recorder is desirable. The main disadvantage of the continuous sys 
tem is that it will be difficult to make the meter give a true indication 
of the average energy level. 

The method employed is therefore based upon a discontinuous 
system and will be described in connection with Fig. 2. The rectified 
output current of the set is integrated over a period of LO seconds by 
means of a fluxmeter” Hf, after these ten seconds the tluxmeter 
deflection is below a certain mark, then the gain of the set is increased 
one step and, vice versa, if the deflection is above a certain mark the 
gain is decreased one step. For detlections in between these marks 
the gain remains unchanged. To change the gain one step and to 
bring the tluxmeter needle back to zero takes LPpronimate Iv 5 seconds 
after which the whole process is re peated Phi Output CHER due to 
static received during ten-second periods is here kept within two 
definite limits. The gain can he changed only one step ater each 
period, but since each step corresponds to a change of 4 Jl 1.58 
times) in voltage gain it will take only one minute and a quarter for 
the recorder to adjust itself to a sudden change of LOO times in the 


enereyv level of static. 


Put APPARATUS OF THE RECORDER 


The receiving set is shown schematically in Fig. 2.) [tis an ordinary 


double detection set that requires altogether ten tubes, of which the 
last low frequency amplifier tube must be able to handle LO watts in 
order to prevent overloading. The power supply may be rectified 1C 

The gain control is inserted in the first intermediate frequency am 
plifier in order to be sure that no tubes are overloaded. The local 


oscillator shown is used for amplification calibration of the set and 


A galvanometer with negligible restoring tor juc, Whose deflection is proportional 
to the coulombs sent through it. Its use tor the present purpose was suggested | 
Mr. L. Sivian of the Bell Pelephone Laboratories Ile has emploved the instru 
iment for measurements otf rectified speech and noise currents on teles| wits 
Che use of a tluxmeter for similar purposes has been independent reported 1) 


kK. M. Terry, of the University of Wisconsin, at the December 30, 1924, meeting 
of the U. R.S. 1. at Washington, D. ¢ 
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requires no special shielding as its input voltage induced into the loop 
is comparatively large. 


The selectivity of the set is determined by three separate units, 


viz., the antenna circuits, the intermediate frequency filter and the 


an low frequency filter, each of which has a specific use. Carson and 


Zobel ® have made the following statement. 


“In filters designed to select a band of frequencies of width w, the 


ratio of energy transmitted through the network by the signal and by 
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Fig. 2—Schematic circuit diagram of receiving set 


random interference is inversely proportional to the band width and 
increases inappreciably when the number of sections is increased 
bevond two.” 

The main purpose of the filters is therefore not to detine the fre- 
quency band of the set insofar as static is concerned, but to exclude 
continuous wave interference. It is hoped that 500 cycles wide fre- 
quency bands? can be maintained free of c.w. interference for static 
measurements and the simplest way to obtain such a band in the 
receiver is to make the low frequency filter an efficient low pass tilter 


that cuts off every frequency above 600 cycles. More than two 
coupled circuits are hardly required in the antenna circuits, but the 


intermediate frequency filter ought to have sharper cut-off points 
than two coupled circuits will give. The selection of filters naturally 
depends upon the ¢.w. interference and it may in some cases be pos- 
sible to reduce the number of filters and thereby make the recorder 
cheaper. The records shown later correspond to a frequency band 
ie of 2000 cycles— between 57.5 and 59.5 k.c.,—but it will probably not 


be long before ¢.w. interference makes it necessary to reduce this band 


* Transient Oscillators in Electric Wave-Filters’’-—John R. Carson and Otto J 
Zobel, Bell System Technical Journal, Vol. I], No. 3, p. 27. 


7 Bands at 1S. 30, Ov, 120 .. . kilocycles would probably be satisfac tory. 
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width. It is desirable to have a loud speaker connected to the output 
of the set and occasionally listen for c.zw. interference. 


The constant output control apparatus is shown in Fig. 3. The 
fluxmeter is seen in the upper right corner. Full detlection corresponds 
to 2x 10-4 coulomb. The needle is normally free to move except 
when the cam Z presses the needle down until its point touches the 


scale OS. The shaft carrying the cam Z and the disc NV is rotated 
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Fig. 3—Schematic circuit of constant output control apparatus 


one complete turn in 15 seconds by a clock motor. The different 


elements are explained in the figure and the whole action may be under- 


stood by studying this carefully. However, it is probably worth 


while to go through a complete 15 second period and explain in detail 
the purpose of each part. 


Time in Seconds—0-10 
Switch G is open, therefore relay A is open and no current can pass through the 
windings of relays C and D. (These relays start the gain control motor, whi h is 
therefore shut orf.) 
Contact 1 of relay A is closed and closes the circuit consisting of the secondary 
winding of the low frequency output transformer, the rectifier for the static currents og 
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and the tluxmeter. The 2000 and 4000 ohm resistances in this circuit insure distor- 
tionless input voltage to the rectifier. The fluxmeter is damped by an 80 ohm shunt 
The needle, which was initially at zero, will therefore move, its deflection being pro- 


portional to | 


Time in Seconds——10-14 

Switch G is closed by the cam on the revolving disc N and locks relay A. 

Contact 1 of relay A is opened and opens the rectifier fluxmeter circuit, thereby 
ringing the tluxmeter needle to a stop. 

Contact 3 of relay 4 is closed and makes the battery Y charge the 10 uf condenser 
through the 50,000 ohm resistance. 


Tame an Seconds—11-14 
The cam Z presses the needle point down on the scale OS. Now, one of three 
things will happen. 


1. Static has decreased since the last period, so that the needle point will make 
ontact with the metal strip OP and close the following circuit: Battery Y, needle of 
tluxmeter, winding of relay C, switch H and switch G to battery Y. Relay C is 
closed and its closed contact 2, together with contact 3 of the open relay D 
will start the gain control motor. After approximately half a turn of the gain control 
or motor shaft } the needle point is lifted from OP by the rotation of the cam Z, but 
relay C stays closed due to the fact that it is self-locking through its contact 1, so that 
the shaft ¥ continues turning until the switch E is opened by the disc 7. This opens 
the self-locking circuit of relay C. Relay C therefore opens and the gain control 
motor stops after the shaft Y has made exactly one complete turn and increased the 
gain of the set one step (4 Transmission Units or 1,58 times). Notice that the opening 
of the needle point contact does not break any current, due to the use of self-locking 
relays. This preserves the needle point contact. 

2. Static has not changed since the last period. The needle point will now touch 
the insulating strip PQ and nothing else will happen, i.e., the gain of the set remains 
unchanged 

3. Static has increased since the last period so that the needle point now will make 
contact with the metal strip QS and close relay D and as in case 1 the motor will start 
and turn the shaft Y one turn, but this time in the opposite direction, i.e., the gain 
of the set is decreased one step 


Time in Seconds —14: 

Switch G is opened again by the revolving disc N and opens relay A. Contact 2 
of relay A is closed and will discharge the 10 uf condenser through the fluxmeter, 
thereby bringing the needle back to zero. (Notice that the time constant of this dis- 
charge circuit is 10000 x 10x10 ® = 1/10 seconds.) 

Time 1n Seconds—15 
A new period has started. 


The purpose of the switches \f and // is to stop the motor when the gain control 
switch arm has reached the end of the scale. 


The recorder is of such recent development that no comprehen- 


sive data are vet available. 


Fig. 4 shows part of an actual record of static received on a set 
tuned to 57.5—59.5 kiloeyvcles. The ordinates represent the attenua- 
tion of the gain control of the set and it is to be remembered that the 
gain of the rest of the set is constant. The curve shows that the 
static power on the morning of October 30 changed more than 10,000 
times. The point B on the curve gives the effect of inducing a local 
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signal of strength 380 gv om in the loop... The point C on the curve 
shows that at 8:25 A.M. the static intensity received on a 2000 cycle 
wide frequeney band corresponded to the energy received from a c.w. 
signal of strength 8.8 gem. It would be practical always to relate 
static to such a c.ze. signal. Experiments are now being conducted 
to determine whether the energy received from static is proportional 
to the width of the frequency band of the receiving set and if such is 
found to be the case then it is proposed to have the data relate to a 
1000 evele wide band. That static is, sav, 7 microvolts per meter per 
kiloevele (7 we mkc) would then mean that the energy of the static 
received on a 1000 cycle wide frequency band is the same as the energy 
received from a c.w. signal of strength 7 yon. 

Attempts have been made to calibrate the set by inducing in the 
loop, voltages of the shape shown in Fig. 5. Relating static to such 
signals would have the advantage of being independent of the band 


TIME 


lig. 5—Shape of impulse voltage 


width of the set. Such signals were obtained by closing and opening 
a mercury switch, but one signal per second, or 10 impulses per period, 
would overload the set (the tubes) very much. At least 10 impulses 
per second would be required if the set should not be overloaded by 
each individual impulse, but this would be a difficult task to accom- 
plish and it is therefore recommended that static be measured as 
explained above, by inducing a local ¢.w. singal into the loop. The 
fact that five static crashes in the course of 10 seconds—one period 
does not overload the set while 100 impulses of the shape shown in 
Fig. 5 are required to prevent overloading gives us some interesting 
information on static. It shows that a single static crash is not a 
single sudden change of the field in the ether and that it cannot be 
represented by less than 20 consecutive impulses. 

The record of Fig. 4 shows that each step on the gain control poten- 
tiometer is 4 7U' and the selection of such steps and of 15 seconds will 
now be discussed. To decrease the 4 7U step to a 1 7U step would 


>It may be worth while to have such a calibration signal introduced automatically 
for instance once every two hours. 
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decrease the speed of the set, 1e., it would take four times longer tor 
the recorder to register a sudden change in the static level which is 
particularly a disadvantage when the recorder is connected to a 
rotating directional antenna. On the other hand a step larger than 
i7uU would not vive the static level with sutticient ac uracy. If the 
time periods are changed from 15 to 10 seconds, then the “speed” of 
the set is increased, but the set is then inoperative over a larger part 
of the period Sin e it takes 5 seconds to « hange the gain of the set and 
bring the fluxmeter needle back to zero. Besides, such a decrease in 
time period would increase the probability of overloading and also 
it would make the energy received per period vary more irregularly 


especially if static consisted of separate crashes. 


DIRECTIONAL STATIC RECORDING 


The usefulness of a static recorder will naturally be increased many 
times if it is able to indicate the general direction from which the 
static comes. A rotating loop antenna would give some results, but 
it would be still better to combine the rotating loop with an ordinary 
open antenna so as to obtain the well-known heart-shape directional 
characteristic. The loop should be rotated by the clock-motor of the 
set (see Fig. 3}, say 2 complete turns in one hour, and the abscissa on 
the record would then require a direction scale in addition to the time 


scale. 
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Directive Diagrams of Antenna Arrays 


By RONALD M. FOSTER 


Synopsis: Two systematic collections of directive amplitude diagrams 
ire shown for arrays of 2 and of 16 identical antennae spaced at equal dis- 
tances along a straight line with equal phase differences introduced bet ween 
the currents in adjacent antennae, assuming that each antenna radiates 
equally in all directions in the plane of the diagram. Three diagrams show 
the effect of increasin I i 


without limit the number of antennae in a given 
interval. Iwo models show the etfect 


ot distributing the antennae over 
in area 


INTRODUCTION 


NEO of the means proposed for obtaining directive radio effects, 
both in sending and in receiving, is the antenna array, consisting 
of a system of two or more antennae situated at specified fractions 
of a wave-length apart and with relations imposed upon the ampli- 
tudes and phases of the currents in the several antennae. 


kor example, 
consider 


a sending array consisting of two vertical antennae so ar- 
ranged that the currents in the antennae are equal in magnitude but 
a half period apart in phase, the individual antennae being identical 
and radiating equally in all directions in the horizontal plane. — Lf 
the two antennae were placed at the same point there would be zero 
transmission in all directions, since the effects of the two antennae 
would neutralize each other If, however, the two 
separated by a small fraction of 


antennae are 
a wave-leneth, while there will still 
i direction perpendicul ir to the axis of the 
array, there will be transmission in all other 


be zero transmission in tl 


directions. If this 
separation is increased to exactly one-half of a wave-length, the 


radiation from the array along the axis will become a maximum. 


Phis particular type of antenna array was proposed by Brown 
in 1899. A few vears later, Stone? proposed a similar array with 
the two currents exactly in phase. This array gives maximum trans- 
mission perpendicular to the axis, zero transmission along the avis. 
About the same time, Blondel 


made several suggestions, among 
them, two antennae placed 


a quarter of a wave-length apart and 
with a phase difference of a quarter of a period. With this arrange- 
ment a unilateral effect is obtained, there being maximum trans- 
mission in one direction along the axis, zero transmission in the op- 
posite direction 


S. G. Brown, British Patent No. 14,449 (1899 
J. S. Stone, United States Patent No 716,134 (1901 
A. Blondel, Belgian Patent No 163,516 (1902), British Patent No. 11,427 (1903 
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These early suggestions have been followed by a number of more 
complicated arrangements proposed by Braun! Bellini and others 

Most books on radio communication Contain one or more directive 
diagrams showing the Variation of either the amplitude or the energy 
for systems of two, three, or four antennae which are separated by 
given fractions of the wave-length and with currents which have 
assigned amplitude and phase relations Bellini,’ Koerts,* and 
Zenneck * each give about a dozen such diagrams. Recently. Green 
and Friis" have published directive diagrams for a pair of loops; the 
latter gives a curve obtained experimentally which agrees verv well 
with the theoretical curve. Of the published diagrams. one of the 
most extended and systematic sets appears to have been that of 
Walter. He showed a total of 21 diagrams for arravs of two an 
tennae, with the three separations of 1/10, 1/4, and 12 wave-length 
and the seven phase differences of 0, 1/12, 1/6, 14. 1/3. 5/12. and 
1/2 period. 

In the present paper an effort has been made to present a more 
systematic and comprehensive collection of directive diagrams for 
arrays consisting of 2 and of 16 antennae, respectively, spaced at 
equal distances along a straight line or axis, with currents of equal 
amplitude in all the antennae, and with equal phase differences in- 
troduced between the currents in adjacent antennae. These diagrams 
are polar diagrams showing the relative amplitude of the field of the 
radiation at a great distance in a plane through the arrav. assuming 
that each antenna radiates equally in all directions in this plane. 
The unit circle shown in each diagram re presents the amplitude of the 
radiation if all the antennae were made coincident in space and in 
phase. 

These directive diagrams may be used to obtain the directive 
diagram in any plane through an array made up of antennae which 


‘FP. Braun, Electrician, 57, pages 222-224. 244 48 1906 


E. Bellini, Electrician, 74, pages 352-354. 1914 
kor extensive bibhograpl les see | Walter, Directive Wireless Felegraphs 
London, 1921, pages 119-121: H. H. Be verage, C. W. Rice, and E. W. Kellogg 
Journal of the A. I. E. E., 42, pages 736-738, 1923; A. Koerts, Atmosphirische 
Storungen in der drahtlosen Nachrichtentibermittlung, Berlin, 1924. 4 ges 149, 
150; J. Zenneck and H Rukop, Drahtlose lelegraphie, fifth edition. St P 
1925, Chapter 
TE. Bellini, J thrbuch der di thtloser Pelegraphie und lelephonie, pages 381 
396, 1909, 
\. Koerts, it, pages LOL, 102, 104, 105, 110, 111, 130, 131, 133 
* J. Zenneck and H. Rukop, foc. cit., pages 412-415, 419, 421, 423, 428, 432 
kK. Green, Experimental Wireless, 2, pages S28 837. 1925 
H I. Friis, Pr weedings of the I. R | , 13, pages 685 707, 1925 


I.. H. Walter, Electrician, 64, pages 790-792, 1910 
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do not radiate equally in all directions in this plane, but which satisfy 
the other conditions named above; the total directive effect is the 
product of the individual effect multiplied by the group effect. Thus, 
since the amplitude of the radiation tn the horizontal plane from a 
single vertical loop varies as the cosine of the angle between the 
direction of transmission and the plane of the loop, the directive 
diagram in the horizontal plane of an array of loops, all loops being 
oriented the same, is the corresponding directive diagram of an 
antenna array as presented in this paper, with the radius vector 
multiplied by a cosine factor. 

The present discussion has been stated in terms of transmission, 
but the directive diagrams apply equally well to the case of reception 
by an array from a distant source. 

kach of the two sets of diagrams is presented in a rectangular 
arrangement so as to exhibit the effect of changes both in the separation 
between adjacent antennae, specified in wave-lengths, and in the 
phase difference introduced between the currents in adjacent an- 
tennae, specified in periods. These drawings were originally made at 
the suggestion of Dr. G. A. Campbell to illustrate the application 
of antenna arrays as a means for reducing the ratio of static to signal. 

The antenna array is analogous to the optical diffraction grating. 
By eliminating the transmission wires connecting together the in- 
dividual antennae of the array and utilizing instead re-radiation 
from suitably designed antennae, the radio system would correspond 
more closely with this optical analogue. With this arrangement, 
however, the phase difference cannot exceed a value in periods numer- 
ically equal to the separation in wave-lengths, a restriction to which 
the ordinary ruled grating is also subject. The retardation grating 


proposed by Rayleigh ' 


and the echelon spectroscope of Michelson '' 
offer more complete analogies to the antenna array in that there is 
no theoretical limitation on the separation and phase difference. 


Two ANTENNAE, Fic. 1 


A total of 90 directive diagrams for an array of two antennae is 
shown by Fig. 1. The separation between antennae varies from 0 to 2 
wave-lengths, in steps of 1/8 wave-length; the phase difference be- 


tween antennae varies from 0 to 1/2 period, in steps of 1/8 period; an 


additional set of diagrams is included with a separation of 4 wave- 


lengths. These curves were carefully drawn with a unit circle ten 


'S Rayleigh, Collected Papers, 3. pages 106-1106. 
“A. A. Michelson, Astrophysical Journal, 8, page 37, 1898 
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Fig. 1—Directive amplitude diagrams for an array of two anf : 
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amplitude diagrams for an array of two antennae; separation in wave-lengths (A) along the top, phase difference in periods (7) at the left 
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inches in diameter, so that, on the reduced scale of reproduction, the 
accuracy should leave nothing to be desired. For a sending array the 
specified phase difference is the lag of the current in the right-hand 


1 


antenna behind the current in the left-hand antenna; for a receiving 


array it is the lag introduced in the current from. the right-hand 
antenna. In each case the line of the array is parallel to the hori- 


zontal axis of the diagram. 


Reversing the sien ot the pl int difference retlects thre directive 
diagram about its vertical axis, that is, the right and left sides are 
interchanged. With increasing phase difference the diagrams repeat 
cyclically, those from 47° to $7) being the same as those from —47 


to ‘T, and so on. 

In the first column, that is, for zero separation, all diagrams ar 
circles, since the two antennae are coincident, and thus the array 
radiates uniformly in all directions. For zero phase difference the 
directive diagram is the unit circle, since the radiations from the 
two antennae reenforce each other without interference \s 
phase difference is increased, this circle grows smaller, due to in 
creasing interference, until, for a phase difference of a half period, 
the two radiations completely neutralize each other, the directive 
diagram shrinking down to a null circle 

The diagrams in the first row, that is. for zero phase difference, 
are symmetrical about the vertical axis in addition to being svm 
metrical about the horizontal axis. In every case the amplitude is 
unity along the vertical axis, that is, in a direction perpendiculat 
to the line of the array. As the separation is increased from zero 
the amplitude along the horizontal axis diminishes, until it reaches 
zero for a separation of 5A, it then increases to unity at A, it diminishes 


to zero at 145A, it reaches unity at 2d, and so on. 


The diagrams in the bottom row, that is, fora phase difference of a 
half period, are also symmetrical about the vertical axis. In every 
case the amplitude is zero along the vertical axis. For small separa 
tions, the directive diagram is approximately a pair of tangent circles, 
which increase in size as the separation is increased. When th 
separation reaches 5A, the amplitude along the horizontal axis reaches 
unity, it then falls off to zero as the separation is increased to X, 
it rises to unity at 1A, it falls to zero at 2d, and so on. 

The diagram for ({\, | 7) is particularly interesting in that there is 
a single direction of unit amplitude with zero amplitude in the oppo 
site direction. This array was proposed by Blondel, as stated above, 
and it is the basis of the Alexanderson barrage. The diagrams 


6 ELF. W. Alexanderson, Proceedings of the I. R. E., 7, pages 363-378, 1919. 
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situated on the line from (OA, 37°) to (44, 47°) have a similar property : 
each has a relative maximum in a single direction, with zero in the 
opposite direction. The diagrams on the line from (OA, 07°) to (A, 
37) have a maximum along the horizontal axis to the left, with an 
amplitude to the right decreasing from unity at O07 to zero at 47, 
and then increasing to unity at $7. 

The number of lobes tends to increase as the separation is in- 
creased, as shown by (a) of Fig. 2. A zigzag starting at (OA, 37) 


2a 


Fig. 2—(a) Number of null directions (which is also the number of lobes) for two 

antennae. (b) Number of unit directions (directions of absolute maximum ampli- 

tude) for any number of antennae, in terms of separation and phase difference 
between adjacent antennae 


and made up of lines sloping up and down at an angle of 45° divides 
the rectangular arrangement of diagrams into sections with 0, 2, 4, 
6,... null directions in each diagram, respectively. On these lines 
the number of null directions is 1, 3, 5, 7,..., respectively, with the 


intermediate numbers at the junction points. The number of lobes 


is, of course, equal to the number of null directions. 

Part (b) of Fig. 2 is a diagram specifying the number of unit direc- 
tions (directions of absolute maximum amplitude) in terms of the 
separation and the phase difference between adjacent antennae, and 
it holds regardless of the number of antennae, that is, the number 
and position of the main lobes are not changed by increasing the 
number of antennae, provided the same separation and phase differ- 
ence are preserved between adjacent antennae. 

It is interesting to observe the variation in the diagrams along any 
line in this rectangular arrangement of Fig. 1, whether horizontal, 


2 6 

0 4 8 
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vertical, or diagonal. A lobe starts as a small bud, it grows in size 
until it reaches the unit circle, it then becomes dented; the two prongs 
of the lobe separate more and more until a division into two lobes 
takes place; then these lobes separate as a new lobe starts to grow 


Fig. 3—Directive amplitude diagram for two antennae (0.6098X, 07) having the 
minimum area (0.2986) relative to the unit circle 


between them. The additional column of diagrams for a separation 
of 4X still further illustrates the way in which the lobes multiply 
and narrow as the separation between the two antennae in increased. 

The area of the polar directive diagram of an array relative to the 
area of the unit circle is a measure of the reduction in the energy 


ratio of random static to signal for that array, assuming that the 
signal comes from a direction in which the radius vector of the dia- 
gram is unity while the static is uniformly distributed. All the 
diagrams for a phase difference of 1/4 period have an area of 1/2 
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The area of the other diagrams oscillates about 1/2 and approaches 
it as a limit upon increasing the separation and keeping the phase 
difference constant. The minimum area (for a diagram in which the 
radius vector reaches its maximum of unity ') is 0.2986, obtained 


(06098,,0T) S-02986 
(54,0T) S=03479 


(#37) 


) 


(2\,0T) S=0.5788 
(A,OT) 


(34,37) S=06521 


Fig. 4—Cumulative amplitude diagrams for two antennae 


by the array (0.6098, O07). The directive diagram for this case is 
shown by Fig. 3. 

Cumulative amplitude diagrams are shown by Fig. 4 for six selected 
arrays, including the unit circle, which is the cumulative diagram 
for the array (OA, O7). In this figure, the angle corresponding to 
any value of the radius vector is equal to the total angle of the direc- 
tive diagram of the array throughout which the relative amplitude 


6 A. Koerts, loc. cit., pages 104, 105. In those cases in which the radius vector 
does not reach the unit circle, in order to obtain a measure of the reduction of the 
energy ratio of random static to signal, the unit circle should be replaced by the 
circle with a radius equal to the maximum radius vector. The absolute minimum 
0.2986 is not changed upon including these cases but a relative minimum 1/3 occurs 
for the array (ad, bT) upon letting a and b approach 0 and 1/2 in such a manner 
that a+2b=1. If the two antennae are loops, with planes parallel to the axis of 
the array, the area approaches the relative minimum 3/14 upon letting a and b 
approach the same limits 0 and 1/2 but in such a manner that 3a+4b =2. 
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is equal to or greater than this value. The area (S) relative to the 
unit circle is given in Fig. 4 for each of the cumulative diagrams, 
this area being equal to the area of the corresponding directive diagram. 


SIXTEEN ANTENNAE, Fic. 5 


A total of 612 directive diagrams for an array consisting of sixteen 
antennae is shown by Fig. 5. The separation between adjacent 


Fig. 6—Directive amplitude diagram for sixteen antennae (0.8825, O07) having 
the minimum area (0.0254) relative to the unit circle 


antennae varies from 0 to 1 wave-length, in steps of 132 wave-length; 


the phase difference between adjacent antennae varies from 0 to 1,2 
period, in steps of 1/32 period; additional sets of diagrams are included 
with separations of 13, 2, and 4 wave-lengths. The specified phase 
difference is the lag of the current in one antenna behind the current 
in its left-hand neighbor. The diagrams are reflected about the 
vertical axis upon changing the sign of the phase difference, and they 
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repeat cyclically with increasing phase difference. These curves 
were copied from the original drawing; detailed accuracy is not claimed, 
but the arrangement and relative sizes of the lobes are approximately 
correct. 

Comparison of Figs. 1 and 5 shows that, for the same set of para- 
meters, the main features of the two diagrams are similar, that is, 


(%,0T) S=03098 


(3a,0T) S-00405 


\\ 


( 08825\,0T) $-00254 


(OA, OT) Se 
Fig. 7—Cumulative amplitude diagrams for sixteen antennae 


the main lobes are located in the same positions, but with 16 antennae 
the main lobes are much narrower and in addition a multiplicity of 
small lobes occurs in many cases. 

The area of the directive diagrams for 16 antennae oscillates about 
1/16 and approaches it as a limit upon increasing the separation, 
keeping the phase difference constant. The minimum area (for a 
diagram in which the radius vector reaches its maximum of un‘ty) 
is 0.0254, obtained by the array (O.8825A, OT). The directive diagram 
for this case is shown by Fig. 6. Cumulative amplitude diagrams for 
16 antennae are shown by Fig. 7 for three selected arrays in addition 
to the array (OA, O07), the area of each diagram being given on the 
drawing. 
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INFINITE ANTENNA ARRAYS 


In view of the points of similarity between the diagrams for 2 and 
for 16 antennae, in particular for those pairs of diagrams for which 
the parameters of Fig. 1 are eight times the parameters of Fig. 5, 
provided the latter are relatively small, the question naturally arises 
as to the effect of increasing the number of antennae without limit. 


e Nn=2 
e ne=3 


Fig. 8—Comparison of finite and infinite arrays within a total distance of one wave- 
length, with zero phase difference 
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The similarity among the diagrams for arrays of antennae within a 
given fixed interval is illustrated by Figs. 8, 9, and 10. 

In Fig. 8 are shown diagrams for 2, 3, and 4 antennae situated 
within a total distance of one wave-length with separations of 1/2, 
13, and 1/4 wave-length, respectively, and with zero phase difference 
between adjacent antennae. The curve (2) gives the limit of the 
family of directive diagrams for arrays of m antennae with a separa- 
tion of 1/n wave-length, as » becomes infinite. 

Fig. 9 gives similar curves for arrays of m antennae within an interval 


9 


of two wave-lengths, with the parameters 4 or). Fig. 10 shows a 


similar set of diagrams for arrays within an interval of one wave- 
length and within a total phase interval of one period, that is, for 
arrays of m antennae with the parameters (>. =). 

For any interval (AA, BT) a similar family of curves can be ob- 

‘ 
tained for arrays of n antennae with the parameters (é d, =). As 
the number » is increased without limit, the directive diagram ap 
proaches a limiting curve. This limiting curve never has more than 
two directions of unit amplitude. There are zero, one, or two such 
directions, depending upon whether A is less than, equal to, or greater 
than B. The diagrams for the infinite case are reflected about the 
vertical axis upon changing the sign of the phase difference, but they 
do not repeat cyclically with increasing phase difference. 

The rapidity with which the diagrams approach this limiting curve 
as ” is increased is well illustrated by Figs. 8, 9, and 10. On the 
scale of these drawings, the curves for 16 antennae would be indis- 
tinguishable from the limiting curves for the infinite case. The upper 
left-hand corner of Fig. 5 may thus serve as a chart of the directive 
diagrams for the infinite case if the column and row headings are 
multiplied by the factor 16 to give the total separation and phase 
difference of the interval. For larger values of these parameters, 
however, the curves for the infinite case depart more and more from 
those of Fig. 5. 

The diagrams with A =B are of particular interest since these are 
unilateral, with the main lobe growing narrower as the total separa- 
tion and phase difference are increased. In the case of the Beverage 
antenna, the ideal system " consists essentially of a long loop, which 
we may think of as the limiting case of a succession of a large number 
of narrow loops. The directive diagram of such an antenna system 


17H, H. Beverage, C. W. Rice, and E, W. Kellogg, Joc. cit., pages 372, 373. 
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the product of the group curve for an infinite 


SPACE CHARACTERISTICS 


lengths, with zero phase difference 


n=2 
n=3 
n=4 


n=0 


number of antennae in the given interval multiplied by a cosine 
factor for the individual narrow loop. 


When the antennae are not confined to a straight line but are 
distributed over an area, a surface with its radius vector propor- 


Fig. 9—Comparison of finite and infinite arrays within a total distance of two wave- 
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tional to the amplitude of the field of the radiation at a great distance 


- from the array in the direction of the radius vector is required. Two 
a particular cases will be illustrated in order to give some idea of the 
surface which shows the group effect of the array; for actual antennae, 
the radius vector of this surface must be multiplied by the corre- 
sponding radius vector of the space characteristic of the individual 
antenna in order to obtain the actual characteristic of the array. 


e ne=3 


Fig. 10-—-Comparison of finite and infinite arrays within a total distance of one 
wave-length, and within a total phase interval of one period 
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A model of the upper half of the space characteristic of an array 
of four antennae located at the corners of a square is shown by Fig. 11, 
each side of the square having the parameters (54, OT). Below the 
model is shown the directive diagram in the plane of the array, which 


Fig. 11—Model of the space characteristic for an array of four antennae located 
at the corners of a square, with a separation of one-half wave-length between antennae 
on each side of the square, and with zero phase difference 


is identical with the base of the model, together with a representation 
of the array itself. In the horizontal plane the maximum ampli- 
tude is slightly less than 1/5, occurring along the diagonals of the 
square; the amplitude reaches its absolute maximum of unity only 
in the vertical direction. 


t 


306 BELL SYSTEM TECHNICAL JOURNAL 


Fig. 12 shows a model of the upper half of the space characteristic 
of an array of 32 antennae located along the diagonals of a square, 
with the parameters ($A, 07°) in each diagonal. This space character- 
istic is a complicated surface, the main features of which are shown 
by the model, the smaller lobes not being shown clearly in detail. In 


Fig. 12—Model of the space characteristic for an array of 32 antennae located 
along the diagonals of a square, with a separation of one-half wave-length between 
adjacent antennae in each diagonal, and with zero phase difference 
the horizontal plane the maximum amplitude is 1/2, occurring along 
the diagonals of the square; the amplitude reaches a pronounced 

maximum of unity, however, in the vertical direction. 

I am greatly indebted to Dr. Louisa E. Townshend for supervising 
the preparation of the drawings and models, and expecially for the 
accuracy attained in redrawing Fig. 1. 
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APPENDIX 


Formulae for the directive diagrams of this paper are conveniently 
expressed in terms of polar coordinates, as follows: For a linear array 
of m antennae with the parameters (ad, DT), 

sin (ra cos 6+ 75) 
= } 
n sin (7a cos @+7b) ’ 
where 6 is measured from the axis of the array. The area of this 
diagram, relative to the unit circle, is 


n—1 

2fn 
S=—( =+ (n—k)J,(2xka) cos (2rkb) ). (2) 

n- 2 


For the special case n=2, Fig. 1, formula (1) reduces to 
r= |cos (7a cos 6+7b)!, (3) 
and formula (2) for the area to 
cos (27b)). (4) 


For the special case m= 2 in a total interval (AA, BT), the limit of 
formula (1) for a=A/n and b=B/n, as n becomes infinite, is 


sin (7A cos 6+ 7B) 
r= ‘ (2) 


rA cos 6+7B 
For the array of Fig. 11, 
r= |cos (47 cos 6 cos cos (4x sin cos |, (6) 


where ¢ is the angle which the radius vector makes with the plane 
of the array, and @ the angle which the projection of the radius vector 
in this plane makes with one side of the square. For the array of 
Fig. 12, 

saa) sin (Sz cos 4 cos ¢) _sin (Sz sin 9 cos ¢) (7) 

32sin (rcos@cos¢) 32 sin (47 sin cos ‘ 

where ¢ and @ are the same as for formula (6) except that the latter 
is measured from one diagonal of the square. 
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Correction of Data for Errors of Averages 
Obtained from Small Samples 
By W. A. SHEWHART 


Synopsis: Recent contributions to the theory of statistics make possible 
the calculation of the error of the average of a small sample—something 
that cannot be done accurately with customary error theory. Obviously, 
these contributions are of very general importance, because expe rimenti al 
and engineering sciences alike rest upon averages which in a majority of 
cases are determined from small samples, and because an average cannot be 
used to advantage without its probable error being known. 


The present paper attempts to show in a simple way why we cannot use 
customary error theory to calculate the error of the aver: age of a small 
sample and to show what we should use instead. The points of interest are 
illustrated with actual data taken for this purpose. The paper closes with 
applications of the theory to four types of problems involving samples of 
small size for each of which numerous examples arise in practice. These 
types are: 


1. Determination of error of average. 
2. Determination of error of average difference. 


Determination of most probable value of the root mean square de- 
viation of the universe when only one sample of n pieces has been examined. 


4, Determination of most probable value of the root mean square devia- 
tion of the universe when several samples of pieces each have been ex- 
amined, 


UsEFUL THEORY OVERLOOKED: Wuy? 


RACTICALLY everyone uses averages—research workers and 

engineers in particular. Moreover, all of us have long appre- 
ciated the fact that an average is often only of value when we know 
its probable error. Naturally, we turn to the theory of errors to guide 
us in calculating the probable error. Naturally, because from 1733 
to 1908 there was nothing else that we could turn to. Since 1908 the 
recognition has been gradually making headway that to use customary 
error theory for determining the probable errors of averages of small 
samples is a mistake. 

The story of how to calculate the probable error of a small sample 
was originally told in Biometrika, a journal for the statistical study 
of biological problems—a veritable mine of useful information. The 
truth was given in equations involving terms familiar only to statis- 
ticians and hence was concealed from many. The story, however, 
with the aid of such experimental results as are used in this paper can 
be told in a simple manner: it is of interest to all of us who, for one 
reason or another, cannot make large numbers of observations on 
every quantity that we measure, but must nevertheless estimate the 
probable errors of our results. In this discussion, diagrams will be 
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used instead of equations, and, because of this rather popular pre- 
sentation, many readers may want to consult, as the original sources, 
the intensely interesting mathematical contributions of ‘“Student’’,! 
Professor Karl Pearson,? and R. A. Fisher.* 


Cask WHERE CUSTOMARY THEORY APPLIES 


We start, as in customary error theory, with the assumption that 
the probability distribution of errors is normal. This simply means 
that the probability of the occurrence of an error within any range is 
assumed to be equal to the area under the so-called normal curvet 
(such a curve is shown in Fig. 1) between the limits of the same range. 


| 
| | 
| 

| 


-3¢ -2¢ -lo lo 29 3e 


Fig. 1—Customarily assumed law of error curve—normal law 


50. 00000°% of area within 0+ .67449¢ 
68. 26894 % of area within 0+ lo 
95 44998. of area within 0+ 2¢ 
99 .73002°% of area within 0+ 3¢ 


The total area under the curve is, of course, unity. This curve is 
plotted with the origin at the true value and with the errors measured 
in units of the root mean square error ¢. The fractions of the area 
bounded by certain multiples of the root mean square error are shown 
for reference. 

Let us make an experiment and see how far customary error theory 


1 Biometrika, Vol. VI, 1908, pp. 1-15. Vol. XI, 1917, pp. 416-417. 

2 Biometrika, Vol. X, 1915, pp. 522-529. 

3 Biometrika, Vol. X, 1915, pp. 507-521. Proc. Camb. Phil. Soc., Vol. XXI, 1923, 
pp. 655-658. 

4 The equation for this has recently been traced back to Abraham De Moivre (1733) 
by Professor Pearson. See Biometrika, Vol. XVI, 1924, pp. 402-404. 
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carries us, see where it breaks down, see why it breaks down, and then 
avail ourselves of the new theory—a powerful tool of great value, be- 
cause it makes possible for the first time the solution of many practical 
problems. Here is the experiment. Take 998 small circular chips, 
499 green and 499 white. Mark 20 white ones with 0, 40 white ones 
with 0.1, 39 white ones with 0.2, etc., in accordance with the normal 
law. Do the same for the green chips except that all numbers on the 
chips are minus. Put the 998 chips in a bowl, mix thoroughly, draw 
out one and record it. Replace the chip, again mix thoroughly, and 
repeat the process until 4000 values are observed. A little reflection 
shows that this experiment is equivalent to making 4000 measure- 
ments of a quantity by a method subject to a normal law of error with 
a root mean square error of approximately unity. 

Let us group these 4000 values into 1000 groups of 4, and determine 
the average for each group, taking the first four observations as the 
first group, the second four as the second group and so on. This gives 


= 100 
-2¢ -le ie) ls 3e- 
Fig. 2—Curte showing customary error theory to be satisfactory on one condition 


not often met in practice; 7.¢., 0 is known 


e Distribution of 1000 averages of 4 


- Normal law with root mean square error 


us 1000 averages. Suppose we subtract the true value m (in this case 
zero) from each average and divide this result by the root mean square 
error of the frequency distribution of values within the bowl. This 
gives us 1000 observations of the error of the average of 4 observations 
measured in terms of ¢. Customary error theory shows that these 
averages should be distributed normally as indicated by the smooth 
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curve in Fig. 2 with a root mean square error of zi q oF one half that 
in Fig. 1. The dots show the experimental results.’ 

So far the customary error theory is satisfactory. But we do not 
often have this case in practice; that is, we do not know the root mean 
square error o, and instead know only the observed root mean square 
error s of the sample.® 


) CasE WHERE CUSTOMARY THEORY Dors NoT APPLY 

Let us next recall just the way we use the customary theory in prac- 
tice and then see what mistake we usually make. Take the results 
of drawing the first sample of 4 in the experiment previously cited. 


The four observed values are .6, —.2, 1.1, —2.0, the average Y of these 


tooo 


~ 


-24 -18 -12 -.6 6 1.2 16 24 30 


Fig. 3—Curves showing inaccuracy of customary error theory in finding error of 
average in terms of the observed standard deviation s 


— — — Customary theory 
New theory 
e Distribution of 1000 2's 


is ~.125, and the observed root mean square deviation s is 1.177. 
Assuming no knowledge of the root mean square error ¢ of the distri- 
bution from which the sample of 4 was taken and using customary 
1.177 
theory, we should assume the probable or 50% error to be .6745 


5 I am indebted to Miss Victoria Mial and Miss Marion Cater for securing the ex- 
‘ perimental results, making all necessary calculations, and drawing the curves given 
in this paper. 

* Customarily we do not know the true value m, hence instead of knowing the root 
mean square errors we know the root mean square or standard deviations. 
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This follows from the fact that the observed values of the ratio 

X-—m . 
idle anh here m is the true value, are customarily assumed to be 
distributed normally. Jlere we come to the crux of the discussion: these 
observed values of the ratio are not distributed normally. ‘“Student’’?, 
in 1908, was the first to show how they are distributed. 

Let us look at the observed frequency distribution of the 1000 2's 
given by the above experiment (dots Fig. 3). To be normally dis- 
tributed, as customarily assumed, these dots would have to lie on the 
dotted normal curve. Obviously they do not. Instead they lie on a 
much more peaked curve (solid line) than the normal. This was cal- 
culated with the aid of ‘‘Student’s” theory. We must therefore con- 
clude: the probability that the mean of a sample of 7, drawn at random 
from a normal distribution, will not exceed (in the algebraic sense) the 
mean of that distribution by more than z times the root mean square 
deviation of the sample cannot be found from the normal law when 1 
is small. We must use the tables provided by “Student” in the two 
papers referred to above. 


Wuy THE CUSTOMARY THEORY FAILS TO GIVE THE ERROR 
OF THE AVERAGE IN CASE OF SMALL SAMPLES 


Let us look a little further into the reason why the 2’s are not dis- 
tributed normally, before we consider the question as to the magnitude 


NUMBER OF OBSERVATIONS 
e 


0 2¢ 06 lhe 180 2he 220 
Fig. 4—Data furnishing a clue to reason for inadequacy of customary error theory 


e Observed distribution of standard deviations of 1000 samples of four 
- Theoretical curve of asymmetrical type 


of the difference between the probable error determined from one 
theory and that determined from the other. 

Let us look at the distribution of the 1000 standard deviations, 
the s’s, Fig. 4, for here we shall find the secret revealed: The distri- 


7 Loe. cit. 
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bution of s’s, as we might expect, is asymmetrical; the most probable 
standard deviation s, to be observed is not the average s. Of course, 
the customary theory assumes that the average s is the most probable 
s, and that the distribution of s is normal. We should therefore expect 
to find the z’s distributed normally for values of m such that the dis- 


PROBABLE ERROR 


RATIO 


10 15 20 25 


SIZE OF SAMPLE - 


99.73% ERROR 


RafIO 


© 5 10 15 20 2¢ x 


SIZE OF SAMPLE n 


Fig. 5—Chart showing magnitude of correction for size of sample—ratio of the errors 
to their customarily accepted values 


tribution of observed standard deviations is approximately normal. 
Now, Professor Pearson*® has developed the theory underlying the 
distribution of s. He finds that as m increases, the distribution of s 
rapidly approaches normality. Even for » greater than 25 the distri- 
bution has approached normality to such an extent that we should 
expect the z’s to be distributed approximately in normal fashion. 
The study of the distribution of s shows this to be true, as we shall 
see below. 

In passing, we should note how closely the theoretical curve, Fig. 4, 
fits the observed points and also note two other checks between theory 


$ Loc. cit. 
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and observation furnished by the new data given herein. According 
to theory, the modal and mean values of s for samples of size 4 ex- 
pressed in units of o should be .707 and .798 respectively. The ex- 
perimental results are .717 and .SO1. 


How Mucn LArGeER ARE THE PROBABLE AND 99.73°¢ ERRORS OF 
AN AVERAGE THAN THE CUSTOMARILY ACCEPTED VALUES? 

The difference between the error of an average and its customarily 

accepted value increases as the number of observations ” (or size of 


6.00 F 
5.00 
4.00 


3.00 FRE 


2.00 F 


1.00 


+50 
-40 


-30 


i) 20 40 60 80 100 120 
SIZE OF SAMPLE - n 
Fig. 6—Errors of averages of samples of size n 
I —99.73002% error 
Il —95.44998° error 
.26894°, error 
IV —50. 0000067 error 
=the ratio of the error of the average to the observed standard deviation 


sample) decreases. This fact is illustrated in Fig. 5. This figure 
shows the ratios of the errors to their customarily accepted values 
plotted for values of from 4 to 30. 
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Curves showing the most frequently used errors of averages meas- 
ured in terms of z (7.e. in terms of the ratio of the error to the observed 
standard deviation) are given in Fig. 6. The error curves for » less 
than 30 have been obtained with the aid of ‘‘Student’s” original 
tables, those for n between 30 and 100 have been obtained from the 
normal law integral tables using the standard deviation of 2; i.e. 

error theory has been used.° 


3 as given by “Student.” For » greater than 100, customary 


TypicaL PRACTICAL APPLICATIONS 


But few, if any, recent developments of statistical theory are of 
more general application in most fields of scientific research and en- 
gineering than the one herein described.” This follows because the 
theory herein discussed must be used in calculating the required prob- 
able error (or other measure of dispersion) of the averages obtained 
from small numters of observations. The number of applications 
of this character is legion. 


PROBLEM Type 1, DETERMINATION OF ERROR OF AVERAGE 
Example 1: 
Five samples of granular carbon taken from a crucible show 
resistances of 47.5, 49.4, 48.2, 48.0 and 46.2 ohms respectively. What 
are the probable and 99.73% errors of the average of these resistances? 


Solution: 


The observed values of average resistance Y, and standard devia- 
tion s= are 46.9 ohms and 2.097 ohms respectively. Hence 
n 
from Fig. 6 we see that the probable and 99.73% errors are respect- 
ively .372s=.780 ohms and 3.33s=.699 ohms respectively whereas 
from customary theory they would be .302s = .633 ohms and 1.34s = 270 
® For the curves in this figure as in the preceding one, I have assumed the customary 
theory for the case where the true value of X is known so that the root mean square 
error of the average X of sample of size » is the ratio. Of course, as we know 
Vin 
from customary error theory, if we assume no knowledge of the true value of Y, we 


Ss 
should use 


10 Since this paper was written, a very interesting article, ‘ Statistics in Adminis- 
tration,” has appeared in Nature (V. 117, pp. 37-38, Jan. 9, 1926), calling attention 
to the importance of the theory of small samples. 
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ohms respectively. The true probable and 99.73% errors are 23°; 
and 148°) higher respectively than those calculated by customary 
theory, as is evident from Fig. 5. 


Discussion of Type 1: 


Examples of this type of problem are obviously so numerous that 
further illustrations need not be given. They occur every day in 
practically every science. We see that in such cases it is certainly 
necessary to allow for the effect of the small size of sample. 


PROBLEM TYPE 2, DETERMINATION OF ERROR OF AVERAGE DIFFERENCE 
_ Example 1: 


Five instruments are measured for some characteristic Y, first on 
one machine and then on another, giving two sets of values Yu, X12, 
...Xy5, and Xo1, Xoo, ...X25 respectively. Calculate the 5 differ- 
ences Assume that 
the average difference is x and the standard deviation of the differ- 
ences is s. Assuming the two machines give the same results except 
for random variations, what is the probability that the observed 
difference would occur? Are we justified in the assumption that the 
machines give the same results? 


Solution: 
The true difference is zero on this assumption. The observed 


99 


X-0 
difference is z= ,and “‘Student’s”’ tables may be used to evaluate 


this probability." If this probability is very small, let us say .OO1 or 
less, it may be taken as indicating thatthe machines do not give the 
same results. 


Example 2: 


We wish to compare the depth of penetration obtained from two 
different methods of preserving chestnut telephone poles. We choose 
n poles for test. A sample from each pole is treated by one process, 
and a sample from each pole is treated by another process. The 
depths of penetration are measured. Are we justified in assuming the 
two methods to give significantly different results? 


1! Approximate values can be obtained from the curves in Fig. 6. 
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Solution: 


If 2 is small, we proceed as in the previous case, to find the proba- 
bility of occurrence of the observed difference. If this probability is 
small, we conclude that the difference is significant; i7.e., the two 
methods of preservation give different results. 


Example 3: 


Three-bolt guy clamps are used for clamping the guy wires on tele- 
phone poles. These are supplied from different sources. Those from 
one source fail to hold the wire as well as those from another and in- 
spection shows that these same clamps fail to meet a certain specified 
dimension. The force required to slip the wire in each of 10 clamps 
from this source is measured. These clamps are then modified to 
meet the specified dimension and the force required to slip the wire 
in each clamp'is again measured. Are we justified in attributing the 
failure to hold the wire to the fact that these clamps did not meet 
the specification ? 


Solution: 


The solution follows the same line as in the first case. 


Discussion of Problems of Type 2: 
Problems of this type are very numerous. It is obvious that sig- 


nificant differences calculated as above indicated are always larger 
than those calculated by customary theory. 


PROBLEM TYPE 3, DETERMINATION OF Most PROBABLE VALUE OF THE 
Root MEAN SQUARE DEVIATION OF THE UNIVERSE WHEN 
ONLY ONE SAMPLE OF 2 PIECES HAS BEEN EXAMINED 


Example 1: 


Five tool-made models are tested for their efficiency, giving values 
X1, Xe, ... Xs. What is the most probable value of the range within 
which the efficiencies of product instruments may be expected to lie 
approximately 99.7% of the time, assuming that a manufacturing 
process can be developed which is the same as that used in producing 
the tool-made models? 
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Solution: 
Customary practice would answer: the average of the five values 
plus or minus 3 times their standard deviation. The better answer is: 


» 


the average plus or minus _ times the standard deviation. 


440 
This follows from Professor Pearson’s work previously quoted. He 


has shown that the most probable observed standard deviation ¥§ of 


| 
= a 
< 
re) 4 € BO 
Size of — n 
lig. 7——-Curves giving the most probable value of the true standard deviation 


Whenthe average s of standard deviations of many samples is known. ro 
I] When the standard deviations of one sample is known. ro = 5 


a sample of # from a normal distribution with standard deviation o 

is S= 4) ao. Substituting the value #=5 in this equation we get 


- ° ° - 
A curve of the values of — vs. #7 is presented in Fig. 7 for reference 


in solving problems of this character. 


PROBLEM 4, DETERMINATION OF Most PROBABLE ROoor MEAN 
SQUARE DEVIATION OF THE UNIVERSE WHEN SEVERAI 
SAMPLES OF 2 Preces Each HAVE BEEN EXAMINED 


Example 1: 

One thousand transmitters, known to have different. efficiencies, 
have been tested five times each for efficiency. Find the standard 
deviation of the machine method of measurement. 


$34) 

= 

3 

5 


Solution: 

Calculate the standard deviation of the five tests for each trans 
mitter. Find the average value of these 1000 values and divide it by 
8407. This follows from the fact that the average s of the observed 
standard deviation for a series of samples of size drawn fro 


n—2 

5 
nm \? ) 


where the symbol X is equivalent to TP (¥ +1 
Thus for n=5 we get 5 =.8407¢. 
Fig. 7 also presents the values of the ratio ~ for reference and with 
o 
sufficient accuracy for solving problems similar to the example cited 
Greater accuracy than that atforded by the curves can be secured by 


direct substitution in the equations for 5 and s or by referring to th 


nye to i¢ 
original tables. 

>We will recall with interest how closely the observed average, 5 =.798e, of the 
1000 values of s corresponding to the 1000 samples of four herein presented checked 


the theoretical average of .801ce. 
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normal distribution with standard deviation is 
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The Alkali Metal Photoelectric Cell 


By HERBERT E. IVES 


INTRODUCTION 


N the development of the commercial svstem of picture’ trans- 

mission now in operation over certain of the Bell System lines, 
one of the initial problems was the choice of a method of transforming 
the light and shade of the picture to be transmitted into properties of 
an electric current. There are in general two methods of accomplishing 
this. The first, which we may term the photo-mechanical method, utilizes 
some photographic process to produce a mechanical structure, which 
may be used either to make and break contact, or to produce mechan- 
ical movement of some element whose motion produces a variable 
electric current. The second method consists in the utilization of 
some light sensitive device which produces or varies an electric current. 

An indispensable requirement in the electrical transmission of 
pictures is speed in conveying the picture from one point to another. 
The choice of a method of transforming light and shade into an elec- 
trical current will therefore, other things being equal, be that method 
which requires the least time for the transformation. It is on this 
basis that the photo-mechanical methods were not favorably con- 
sidered in this development. The preparation of the line or dot 
structure image, similar to the half tone plate, or the preparation of a 
photo-relief, are processes which cannot be completed in less than one 
to two hours, and involve a delay which in many cases would seriously 
detract from the advantages of electrical transmission over other 
means now available, such as the airplane. 

In choosing a photo-sensitive device for this purpose, certain re- 
quirements had to be met. The light responsive device should be as 
nearly as possible instantaneous in its action. The response should 
also be proportional to the light intensity. These requirements cannot 
be met by any photo-sensitive devices of the group whose resistance 
changes under the action of light, such as selenium. The treld was 
therefore limited to the photoelectric cell, of the type in which the effect 
of light is to release electrons trom the surface of the light sensitive 
element and so cause an electric current to flow in the space between 
the light sensitive surface and another electrode. Photoelectric cells 
are considerably less sensitive than the best variable photo-resistances, 
but while this characteristic would have made them difficult to utilize 
in the earlier days of efforts at picture transmission, the development 
of vacuum tube amplifiers admirably fitted for amplifying photo- 
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electric currents has remedied this deticiency. A further requirement, 
that the light sensitive device should prefe rably be sensitive to \ isible 
radiation, ruled out the use of those sensitive materials sensitive 
chietly to infra-red or ultra-violet radiation. All of these require- 
ments pointed to the alkali metal photoelectric cell as developed by the 


work of Elster and Geitel and others. 


GENERAL CHARACTERISTICS OF PHOTOELECTRIC CELLS 


The typical photoelectric cell consists of a herme tically se aled gl iss 
bulb containing an atmosphere of gas at a low pressure, and provided 
with two electrodes, one of which is the light sensitive material. In 
the schematic cell shown in Figure 1, A is the photo-sensitive material 


K 


~ 


Fig. 1—Schematie central anode photoelectric cell. 


(cathode), for instance an alkali metal such as potassium, which is 
spread upon the inside wall of the glass bulb and is connected with 
the exterior of the bulb by a sealed-in wire, «;, <1 is the other electrode 
(anode). As here shown, it is a simple metallic ring connected with 
a second wire, wes, carried through the stem of the bulb. The two 
electrodes are shown connected together through a battery, B, and 
galvanometer, G. The operation of the cell consists in letting light 
fall upon the cathode through the window, O. The resulting current 
may then be measured by the galvanometer, or utilized to operate 
suitable apparatus. 

A complete study of the photoelectric cell resolves itself into obtain- 
ing knowledge of the effect of varving a number of factors which enter 
into its construction and use. Of these we may note: the material 
which is used for the light sensitive surface, and the treatment to which 


this material is subjected; the compe Ilion and pressure of the gaseous 


atmosphere; the shape and disposition of the various elements, that 
is, the structure of the cell. We must investigate the relationship 
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between the quality of the light falling upon the cell and the electric 
current produced, We must in addition consider certain other physical 
variables which must be met with in practice, notably temperature. 


CHARACTERISTICS OF CELLS OF VARIOUS STRUCTURES 


For purposes of discussion we may classify photoelectric cells in 
regard to structure as central cathode cells and central anode cells. As 
the terms imply, these two extreme types of cells differ in the position 
of the photoelectric material. The central anode type of cell is shown 
in Figure 1. The sensitive material entirely covers the walls, so that 
the cathode is of relatively large area. The central cathode cell is 
illustrated in Figure 2, in which the symbols are the same as in Figure 1. 


W, 


lL 


In this the walls of the cell are covered with a non-light sensitive 
material (e.g. silver), and the sensitive material is coated upon a 
relatively small centrally placed electrode. 


CENTRAL CATHODE CELLS 


Central cathode cells possess certain decided advantages for the 
theoretical study of photoelectric phenomena and have consequently 
been used in many of the more important photoelectric investigations. 
The simplest case to consider first is that of the high vacuum cell, that 
is one containing no appreciable amount of gaseous atmosphere. When 
a constant light is incident on the light sensitive cathode, and a series 
of voltages are applied to the terminals of the cell, voltage-current 
relationships are obtained of the character shown by any one of the 
curves of Figure 3. Several significant points are to be noted about 
these characteristic curves. We find that the photoelectric current 
starts at a definite positive value of the voltage. This voltage is 
called the ‘‘stopping potential." It varies with the wave length of the 


4 
es Fig. 2—Schematic central cathode photoelectric cell. 
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exciting light. This is shown in the tigure by the several curves tor 
different wave lengths, varving from \,, representing short wave 


} 


energy, such as blue light, to As, long wave energy such as yellow 


The shorter the wave length (the higher the frequency), of the exciting 
light, the higher must be the positive potential necessary to prevent 
or stop the emission of electrodes under illumination, As the positive 
potential is reduced, the photor lectric current increases, until the 
applied field (or the effective field) if contact potential differences are 
present) becomes zero. At this point, the current becomes saturated, 
that is increase of voltage in the negative direction fails to increase 
the current. This means that the applied field does not penetrate to 
any appreciable depth into the photoelectric material. 


Characteristic curves of the type shown in Figure 3, have played 


URRENT 


5 4 = 2 1 2 2 4 bo 
+VOLTS ON CATHODE -VOLTS ON CATHODE 
Fig. 3—Voltage-current curves for typical central cathode vacuum photoelectric c ll 


very important part in the development of photoelectric theory, and 
particularly of the quantum theory. If V is the voltage applied to the 
cell, e the charge on an electron, h the quantum constant, v the fre- 
quency of the exciting light, Einstein predicted and Millikan has 
shown experimentally that the following relationship holds: eV =/i(» 
vy), Where vo is the limiting frequency corresponding to the long wave 
length limit, bevond which the photoelectric emission does not occur 
If m is the mass of the electron, and v its velocity, the above relation 
can be written 1/2 m v? (Velocity?) =h(v— 1). From this expression 
it is evident that the greater the interval between the frequency of the 
light used, and the limiting frequency, the higher is the velocity ot 
emission of the photoelectrons. 

When instead of being highly exhausted, the cell has an atmosphere 
of gas at a low pressure (a few tenths of a millimeter of mercury) the 
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condition of saturation typical of the high vacuum cell for high nega- 
tive voltages no longer holds Instead the photoelectric current is 
increased by the occurrence of ionization, by collision of the electrons 
initially produced with the molecules of gas. The current increases 
with applied voltage in the manner shown in Figure 4, until at some 
value characteristic of the kind of Was in the cells, the gas breaks down 
and a visible electrical discharge takes place. The amplifying effect 
of the gaseous atmosphere increases with the pressure of the gas up 


CURRENT 
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Fig. 4—Voltage-current curves for typical central cathode gas filled photoelectric cell. 


to a maximum and then decreases. The value of this optimum pres- 
sure depends on the kind of gas and the dimensions of the tube. The 
best pressure is usually a few tenths of a millimeter of mercury. 

As the illumination of the cell is changed, the current changes in 
exact proportion, that is the illumination-current relationship is rec- 
tilinear. This relationship holds for both the vacuum and gas cells 
provided there are no free glass surfaces on which charges may accu- 
mulate. If the window is made too large it may become charged 
and cause an appreciable curvature of the illumination-current rela- 
tionship. 


CENTRAL ANODE CELLS 


In cells with a relatively small centrally placed anode, the voltage- 
current relationship differs from that of the central cathode cells most 
noticeably in that high applied voltages are necessary in order to 
insure saturation. Typical voltage current curves for short (Ay) and 


long (Az) wave length energy, for a central anode cell consisting of a 
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spherical anode and concentric spherical cathode are shown in Figure 5 
The rate at which saturation is approached with voltage varies with 
the wave length of the exciting light. The longer the wave length, 
the slower the electrons, as shown above, and the more quickly are 


they captured by the central anode. 


When gas is introduced into a central anode cell. we igain have 
ionization by collision, and the voltage-current curve is turned upward 
10 0 
+VOLTS ON CATHODE OLT 
Fig. 5 -Voltage-current curves for typical central at 
re) 
+VOLTS ON CATHODE VOLTS ON CATHODE 
Fig. 6—Voltage-current curves for typical central anode gas fille 
from the voltage axis in the manner shown in Figure 6. As in the case 
of the central cathode cells, the current increases with voltage until 
the critical potential for the gas is reached. 
The illumination-current relationship is rectilinear in the central 


anode cells, as it was in the central cathode cells, provided the pre 
cautions as to avoiding free 
observed. 


glass surfaces, already mentioned, are 


ho 
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INFULENCE OF TITHE NATURE OF THE IRRADIATION 


The magnitude of the photoelectric current depends upon the angle 
of incidence, the plane of polarization and the color or wave length 
of the light used. This dependence is closely interlinked with the 
choice of the photo-sensitive material and the state of its surface. 
For the purpose of separating out the effects of the several variables 
in the incident light, it is necessary to study the properties of optically 
plane or specular surfaces of the photo-sensitive material. Such 
surfaces can only be obtained with the alkali metals by raising them 
above their melting points, by forming alloys, or by depositing ex- 
tremely thin films on a polished underlying metal surface such as 
platinum. Specular surfaces of the aklali metals obtained in these 
several different ways exhibit differences in their behavior, but it will 
be sufficient for the present purposes to disregard these secondary 
differences and to speak merely of the photoelectric current from 
specular surfaces when the incident light varies in wave length in cer- 
tain typical ways, or is polarized. 


INFLUENCE OF THE PLANE OF POLARIZATION 


When light is incident at a steep angle on a specular surface, the two 
extreme conditions of polarization are those in which the electric vector 
lies in the plane of incidence and that in which it lies perpendicular 
to the plane of incidence. In the first case, the electric vector has a 
component perpendicular to the surface. In the latter case the electric 
vector lies parallel to the surface. It has long been known that the 
amount of light absorbed by a metal surface is, in general, greater 
when the electric vector is in the plane of incidence. Consequently, 
since photoelectric emission must be due primarily to the absorption 
of the energy from the incident light, it is to be expected that the 
photoelectric current will be greater for light polarized with the electric 
vector in the plane of polarization. Such is actually the case, but 
while the ratio of absorption of light, for the two planes of polarization, 
at say 60° incidence, never rises above a value of four for any of the 
alkali metals, the ratio of the photoelectric currents under the same 
conditions may mount to a very high value, such as 20 or 30 to one. 
This effect is particularly noticeable in the liquid alloy of sodium 
and potassium, and in the case of all the four alkali metals, sodium, 
potassium, rubidium and caesium, when these spontaneously deposit 
in a high vacuum upon a polished surface. It is very much less 


marked in the case of the pure alkali metals in the molten condi- 


tion. Typical examples of the influence of the plane of polarization 
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on the photoelectric ettect 
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Fig. 7—Photoelectric emission from a specular surface ot s Otass | 
thinly coated platinum plate, at various angles ‘ electt , , 
of incidence (||); electric vector perpendicular to the | eo 


DISTRIBUTION OF RESPONSE ACCORDING TO WAVE LENGTH 


When the exciting light is incident either perpendicularh 
specular alkali metal surface, or at a high angle 


ot 


incidence with 
plane of polarization such that the electric vector 1s parallel to 
surface, the response for equal intensities of monoc! 


shown in Figure 7, where the syvmb« 
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through the spectrum is as shown by the curve marked . in Figure &. 
Photoelectric emission is entirely absent on the long wave side of a 
certain wave length which is known as the long wave leneth limit. 
From this wave length, the emission rises gradually and uniformly 
toward the short wave or blue end of the spectrum. 

When the incident light is polarized so that the electric vector has a 
component perpendicular to the surface, the wave length distribution 
of response follows the general character shown in the curve marked 
in Figure 8. Correlating the wave length distribution of response with 


PHOTOELECTRIC 
CURRENT 


44 G 


WAVE LENGTH 


Fig. 8—Wave-length distribution of response from specular alkali metal surface; 
electric vector in plane of incidence ; electric vector perpendicular to plane ot 
incidence ( 1 


the variation of emission with the plane of polarization considered in 
the last section, the general conclusion may be drawn that the enhanced 
emission for light with the electric vector in the plane of incidence is 
due largely to radiation falling within a narrow spectral region. The 
magnitude of this wave length peak varies greatly with different 
materials. The maximum occurs at a wave length different not only 
for the different alkali metals, but also for different modes of securing 
the specular surface. This wave length maximum has the appearance 
of being due to some resonance phenomenon, and its variation in 
position through the spectrum according to the method of preparation 
of the surface is connected in some unknown way with the state of 
binding of the alkali metal atom on the surface with the body of ma- 
terial beneath. 


THE PHOTOELECTRIC CURRENT FROM ROUGH SURFACES 


With rough surfaces of alkali metal, the plane of polarization of the 
incident light no longer has meaning. We would therefore expect no 


significant difference in the total emission trom a really rough surface 
when the plane ot polarization of the incident light is changed; and 
such in fact is the case. We would also expect that the distribution 
of response according to wave length would be a mixture of the effects 
of the two planes of polarization. This also is found to be so. Rough 


surfaces show the wave length maximum characteristic of light polar 


Fig. 9—Wave-length distribution of emission from rough surface potassium photo 
electric cells, showing variation from cell to cell depending on difference of treatment 


ized with the clectric vector in the plane of incidence on a specular 
surface. Depending on the degree ot rouchne ss and the method of 
preparation of the surface, the wave length maximum is different in 
size and also in position. In Figure 9 are shown several wave length 
distribution curves for potassium cells in which the surtace is roughened 
and colored by a hydrogen glow discharge. These cells differ both in 
respect to their absolute sensitiveness, in the position of their maxi- 
mum sensitiveness, and the extent of their sensitiveness toward the 
red end of the spectrum. It has not as yet been found possible to pre 
pare photoelectric cells with properties uniform from one cell to another 
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INFLUENCE OF THE PHOTOELECTRIC MATERIAL 
AND ITS TREATMENT 


The alkali metals differ in their photoelectric sensitiveness in a per- 
fectly definite order, which is that of their degree of electro-positive- 
ness, as shown by their position in the periodic table of the elements. 
The variation in sensitiveness is correlated with the extension of sen- 
sitiveness in the spectrum. ‘This progresses regularly from sodium, 
which in its pure state is not photoelectrically sensitive beyond about 
O8u, through potassium and rubidium, to caesium, which is photo- 
electrically sensitive in the near infra-red. The exact terminations of 
sensitiveness in the spectrum depend upon the character of the surface 


and its treatment, and have not been exactly correlated with any 
other properties of the material. 

In order to attain the greatest sensitiveness with the alkali metals, 
these are commonly subjected, in the preparation of the photoelectric 
cell, to what is called the coloring process, discovered by Elster and 
Geitel. This consists in subjecting the surface to a glow discharge in 
an atmosphere of hydrogen. The result is to color the otherwise 
silvery alkali metal a rather deep blue-purple or blue-green. The 
exact cause of this color is not known, but it has every appearance of 
being due to the production of small (colloidal) particles of alkali 
metal. The greater sensitiveness is probably due to the increased 
effective surface presented by the colloidal particles rather than the 
increased absorption coetticient of the darker color. Similar colors 
may be obtained by distilling the alkali metal in a very thin layer on 
glass and the color of the surface changes when observed by polarized 
light in much the same manner as do colloidal surfaces of other 
sorts. 

After the completion of the coloring process, it is necessary to 
remove all the hydrogen from the cell by pumping. Otherwise the 
surface will revert to its original uncolored form.: In order to obtain 
the amplifying effect of a gaseous atmosphere, it is customary to intro- 
duce an inert gas, such as argon or helium, into the cell. 

Cells made in the manner just outlined are reasonably permanent 
in their important characteristics. Elster and Geitel have made 
potassium cells in this manner, which when connected with a delicate 
electrometer exhibited a degree of sensitiveness approximately that of 
the human eye. Ace ording to what has gone before, the most sensitive 
cells should be obtained if rubidium or caesium are used in place of 
potassium. It is found however by experiment that rubidium, and 
particularly caesium, do not lend themselves so well to the coloring 
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process, probably because of their lower melting points, and hence 
cells made of potassium may represent practically the best performance 
which is now attainable. 


EFFECT OF TEMPERATURI 


It has long been held that the photoelectric effect is independent of 
temperature. Recent experiments, however, have shown that the 
alkali metals are affected in their photoelectric response by variation 
of temperature. A typical set of data for potassium is shown in 


Figure 10. It will be noted that the intluence of temperature is small 
I 


~200° -100° 0° +100° 


Fig. 10—Variation of photoelectric sensitiveness of potassium with temperature 


for the shorter wave lengths of light, but considerable for long wave 
excitation. These data were secured in highly exhausted cells of 
pure alkali metal. When gas is present or a large amount of alkali 
metal vapor can deposit on the cooled surface, the effect of decreased 
temperature may be to increase the photoelectric current. It will be 
noted that the changes shown in Figure 10 are insignificant over the 
ordinates range of room temperatures, and for practical purposes, 
particularly for picture transmission, the effects of temperature on 
the performance of photoelectric cells may be taken as negligible. 
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PRACTICAL FEATURES OF CELLS AS USED 


The photoelectric cells as used for picture transmission are classified, 


according to the above discussion, as central anode, gas filled, colored 


cells. The shape of the cells is that shown in Figure 1, and also in the 
photograph, Figure 11, with which is an accompanying scale. The 


cells are made of pyrex glass, which is chosen because it is highly 


resistant to corrosion by potassium during the distillation stages. 
Phe very long neck of the cells is dictated partly by the space into 


which the cells are placed in the picture transmission apparatus, in 


1109 6768 6% & 


big. 11 Photograph of photor lectric cell of type used in picture transmission, 


part by the desirability of having as long an insulating space as possible. 
Where, as in earlier types of photoelectric cells, the alkali metal is in 


close proximity to the other electrode, leakage currents over the glass 
ae surface greatly interfere with accurate results. (In working with ex- 
tremely small currents it is desirable to have in addition to the consider- 
able length of glass insulating path, a metallic guard ring in the stem of 
the cell, which may be earthed. 

The alkali metal ordinarily used is potassium. This is introduced by 
distillation on the pump. The cell is first baked to a temperature of 
100° ©. for several hours while on the pump in order to drive out all 
traces of water vapor. The potassium for use in making up the photo- 
electric cells is first of all distilled in a vacuum into long glass tubes. 
In this preliminary distillation, the greater part of the absorbed gaseous 
impurities are removed. After the cell has been baked out on the 
pump, a piece of the glass tube containing potassium is broken off and 
introduced into the pump system. Between the point of introduction 
and the cell are a series of bulbs. The potassium after melting in 
vacuo is distilled successively through these bulbs and into the photo- 
electric cell, where it is condensed on the walls of the bulb. A window 
is then made in the cell by applying a small flame on the appropriate 


part. The next step is to introduce a small amount of pure hydrogen 
Ras, which is permitted to enter from a reservoir on the svstem his 
hydrogen gas goes through the svstem of bulbs through which the 


potassium has been distilled, which still contain a large amount ot 


potassium, and is thereby cleaned ol all traces Of gases OF Vapors which 


might react on the potassium in the cell. A glow discharge is then 


( 
Fig. 12—Typical voltage current characteristic of ric ct ; 
used in picture transmission. Incident lumins ‘ 
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passed from a high voltage source, until, by illuminating the alkali 
metal surface and reading the current on a sensitive galvanometer, 1 
is found that a maximum of sensitiveness has been attained. The 
hydrogen is then completely removed by long continued pumping. 
Phe final step in the preparation of the cell consists in the introduction 
of a small quantity of carefully purified argon. The argon for this 
purpose is held in a reservoir in which there is a pool of sodium- 
potassium alloy. By passing an electric discharge from this pool to an 
electrode through the gas, the argon is purified of all active impurities. 
It is introduced into the cell through the same series of potassium 
coated bulbs already mentioned, the potassium in the meantime having 
been vigorously heated to drive off all occluded hydrogen, so that the 
gas when it finally reaches the photoelectric cell is entirely inert. The 
gas pressure is carefully adjusted while the cell is still on the pump so 
as to give an optimum effect, after which the cell is sealed off. 

Typical voltage-current characteristics of the cells thus made are as 
shown on Figure 12, where the currents indicated are those obtained 
from an illumination of 100 meter candles from a vacuum tungsten 
lamp, the aperture of the cell being 1.5 sq. cm. It will be noted that, 
unlike the ideal characteristic shown in Figure 6, the actual cells shows 
a small current in the opposite direction for positive voltages applied 
to the sensitive surface. This is because practically it is very difficult 
to prevent some alkali metal from depositing on the anode, which 
thus becomes light sensitive, and responds to the scattered and _ re- 
flected light in the cell. 

For use in the picture transmission apparatus, the cells are mounted 
in tubular metal cases, from which they are insulated by hard rubber 
rings attached to the glass stem, by sealing wax. The cells in their 
cases are handled as units; and are sufficiently rugged to be readily 
shipped from place to place. Their characteristics remain practically 
unchanged indefinitely. 
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Electric Circuit Theory and the 
Operational Calculus’ 


By JOHN R. CARSON 


CHAPTER IX 
Lhe Finite Line with Terminal Impedances 


So far in our discussions of wave propagation in lines and wave- 
filters, we have contined attention to the case where the impressed 
voltage is applied directly to the infinitely long line. We have found 
that, by virtue of this restriction, the indicial admittance functions 
of the important types of transmission systems are rather easily 
derived and expressible in terms of well known functions, and the 
essential phenomena of wave propagation clearly exhibited. In 
practice, however, we are concerned with lines of finite length with 
the voltage impressed on the line through a terminal impedance 2, 
and the distant end closed by a second terminal impedance Z.. We 
now take up the problem presented by such a system. 

Let K=A(p) denote the characteristic operational impedance of 
the line, and y=7(p) the operational propagation constant of the 
line. We have then 


(240) 
where A and B are so far arbitrary constants. “To determine these 


constants we assume an e.m.f. & impressed on the line at x =0 through 
a terminal impedance Z; and the line closed at x =s by a second termi- 


nal impedance Z.. At x=s we have therefore 
whence from (240) 
K K 
and 
l—po 
B= - (241) 
1+ p 
where po =Zo/K. 
Concluded from the issue of January, 1926. 
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At x=0 we have 


whence 


where pp =Z; A 


From (241) and (242) we get 


Ja | 
B 
and finally 
K+2Z, 


If we replace E by a unit e.m.t. we get 


the indicial admittance A 


¢ 
Ay 
A | 
where 
N= K/(K+Z 
Pr K 
K 
l p AK 
I+p. K 


K,y,Z1,Z2)h1 and Me are, of course, tun tions ot the Operatol b 
The integral equation corresponding to t 


(244) is 


> thus 


operational formula for 


244 


operational formula 
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Now by (244) we can expand 1/Z,(p); it is 


l e 2 
t+-Apto : 
ZAp 
TAM K AMI Me K 
(246) 
| 
K 


Now we observe that e "*/K is simply the operational formula for 
the indicial admittance at point x of an infinitely long line with unit 
e.m.f. impressed directly on the line at x=0. This will be denoted 
by a(t). Similarly e~?"*~“’/K is the operational formula for the 
indicial admittance at point (2s—.x) with unit e.m.f. impressed directly 
on the line at x=0. This will be denoted by ayz,_,(t), ete. 

Recognition of this fact allows us to derive a formal solution in 


terms of a series of reflected waves. For let a set of functions 
VoV1,02,03,....§ atisfy and be defined by the operational equations 
Yo=A(p) =A 
V1 =DApe ~ 
247) 
Vo = 


V3 etc. 
It then follows from the preceding and theorem II that 
+... 


If, therefore, we know the indicial admittance of the infinitely long 
line with unit e.m.f. directly applied and if we can solve the operational 
equations (247), then A,(t) is given by (248) by integration. This 
solution may well present formidable difficulty in the way of com- 
putation. It is, however, formally straightforward and the numerical 
computation is entirely possible, the only question being as to whether 
the importance of the problem justifies the necessary expenditure of 
time and effort. Without any computations, however, the solution 
(248) admits of considerable instructive interpretation by inspection. 

The first term represents the current at point x of an infinitely long 

line in response to a unit e.m.f. impressed at x=0 through an im- 

pedance 21; ¥ =vo(t) is the corresponding voltage across the line termi- 
; nals proper. The second term is a reflected wave from the other 


/ ( 
terminal due to the terminal irregularity which exists there. The 
third term is a reflected wave from the sending end terminal. et 


The solution is therefore a wave solution and is expanded in a form 


which corresponds exactly with the SECUeTICE ot phenomena, which 1 
represents. 
The solution takes a particularly instructive torm when Z,;= 2,4 
and Zo=kek where ky and ky are numerics. ‘hen 
l—k 
210 
l—ko | 
ele 
1 
and 
ad + ( 
| l 
AC 250 
1 
ad 
1t+k, 1+) 


If ky =O, ko=1 we have the case of the e.m.f. impressed directly on the 
sending end of the line and the distant end closed through its char- 
acteristic impedance; the solution reduces to 


as, of course, it should be by definition. 


If ki=O0 and ko= ~, we have the case of the line open-circuited at 
the distant end, and the solution reduces to 


Finally, if both k, and Rs are Zero, the line is shorted and 


The operational equations (247) admit of further interesting and 
instructive physical interpretation without computation. Consider 
a circuit consisting of an impedance Z, in series with an impedance 


K. Let a unit e.m.f. be applied to this circuit and let 7, be the re 


| 
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sultant voltage across the impedance A. Then, operationally, 
kK 
K+Z, — 


so that 7, thus detined in physical terms, is the 7 of equations (247). 

Now let this voltage be impressed on a circuit consisting of an 
impedance 2Z. in series with an impedance AK — Zz so that the total 
impedance is K + Zo, Let the resultant voltage drop across the im 


pedance element A —Z» be denoted by v1; then operationally 


IN 


which agrees with 7 as given by equation (247). 

Similarly if voltage 7 is applied to a circuit consisting of an im 
pedance 2Z, in series with an impedance A —Z, and if v2 denote the 
voltage drop across impedance A — Z,, then 


Vo = 


We can thus see physically what the voltages @,,,7),72 . . mean in terms 
of simple circuits consisting of A and Z; in series and A and Z¢ in 
series respectively. 

I shall now work out a specitic problem exemplifving the preceding 
theory. The example is made as simple as possible for two reasons. 
hirst because its simplicity makes it more instructive than when the 
phenomena depicted and the essentials of the mathematical methods 
are obscured by complicated formulas and extensive computations. 
Secondly while the general method of solution illustrated is  thor- 
oughly practical we cannot hope to arrive at the numerical solutions 
of the complicated problems without a large amount of laborious 
computations. Problems involving transmission lines with com- 
plicated terminal impedances are among the most difficult, as regards 
actual numerical solution, of any which present themselves in mathe- 
matical physics. On the other hand, the formal solution (248) gives 
at a glance the essential character of the phenomena involved. 

The specific problem we shall deal with may be stated as follows: 
A unit e.m.f. is directly impressed on the terminals of a transmission 
line of length s, the distant end of which is closed by a condenser C 
rhe line is supposed to be non-dissipative, its constants being in- 
ductance L and capacity C per unit length. Required the current at 
any point x(x<s) of the line. 

We write Vy L/C=k, 1/\ LC=v: then by virtue of the preceding 


: 
K+2Z, K+2Z. 
ig 


analysis of transmission line propagation the 


of the infinitely long line is given by 


The operational charac teristic impedance els 


the terminal impedances and are given by 


pl 
Referring now to equation (244) we have 
A=1, 
pt ( | 
Me 
k+1/pt 


| 
kC p+] 
1/ 
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In order to determine these functions we have 


general operational equation 


where V,, denotes either OF 


In order to eliminate the coetticient &C., we 


VIII, and write 


. 
tor 
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We therefore start with the operational equation 
QD, 


Now the solution of this operational equation is very easy and can 
be expressed in a number of wavs. We require it expressed in the 
form most easily computed. The following appears best adapted 
for our purposes. Consider the auxiliary operational equation: 


n (n)(n—1) 
») n—1_j 92 n—2 
fy” 


The explicit solution is gotten by replacing 1, p" by ¢’ a! and p” by 
d" dt", whence 


1 


dt" L! dt" 
2t n(n—1) (2t)? (2t)" 
2! 2! n! 


But writing 


p 


(1 l p 
Referring now to theorem VII, we see that 


on(t) = (1+ [ at)o, 


Since we have already solved for o,(f), this determines ¢,(t) and 
hence V,(¢). The functions 7,071,072... are therefore determined. 


p HI(p) 

es it follows that 


ELECTRIC Ci 


Now refer back to equation (248) giving the required current in 
terms of %,01,02...and the admittances a,(t).a t), It 
follows at once by substitution of the preceding that 


the functions v,, 7), v2 being zero for negative values of the argument 
This result may possibly require a little explanation 


Consider the expression 


1 
| 
dt Jo 


where 1(¢t) denotes a function which is zero for ¢<¢, and unity for ¢2! 
It is evidently identical with the admittance a.(t) provided the 
proper value is assigned to ¢,. 

Now since 1(t)=0 for ¢<¢, and unity for ¢=¢,, the preceding may 
be written as zero for ¢<f,, and 


which is equal to f(t—f,). 


If we set x=0, we get the current entering the line; thus 


This has been computed for the case where y sLC, = 10 and is shown 
in Fig. 26. Referring to this figure we see that the current jumps 
at ¢=0 to the value Y C/L=1/k, and keeps this constant value for a 
time interval 2s/z. At this instant the first reflected wave arrives and 
the current takes another jump, of 2/k. Thereafter it begins to 
decrease very slowly until time ¢‘=4s/v at which time it takes another 


A,(t) = Vol ) ) (1 ) t 
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jump of 2.k. Thereafter we have a series of jumps of 2/2 at time 
intervals 2s v, the current decreasing between successive jumps. 
Phe smooth curve is the indicial admittance of an oscillation circuit 
consisting of an inductance sZ in series with a capacity C,. We see 


therefore, that the current in the line oscillates with discontinuous 


q apacity 
‘ 
a! Lapacity 
\h 
y Ordinat CL 
Values of t/nVSLC, 
4 ‘0 
Fiz. 26 pative line terminated by capacity C, unit 
ipplied to line 


jumps about the current in the corresponding oscillation circuit. 
Since the whole circuit contains no resistance, the oscillations never 
die away, but continue to oscillate, as shown, about the curve 


t 
sin (= 


which is the indicial admittance of the corresponding oscillation 
circult. 

I shall now discuss a method of solving circuit theory problems, 
quite generally applicable to complicated networks, and particularly 
useful in dealing with transmission lines terminated in impedances. 
| have found it particularly useful in arriving at numerical solutions 
where other methods prove far more laborious. It is also of mathe- 
matical interest, as it applies another type of integral equation to the 
problems of electric circuit theory. 

Suppose that we have a network with two sets of terminals as shown 
in Fig. 27... Now suppose that terminals 22 are short circuited and a 
unit e.m.f. inserted between terminals 11. Let the resultant current 
flowing between terminals 11 be denoted by Si: and that 


’ Regarding conventions as to signs, see the Appendix to this chapter. 


ah 
i\ 
+ + Pot + + + 4 
\ 
2 | 
| 
| 


between terminals 22 by Ss Si, is the driving point indicial 
admittance with respect to terminals 11 and So; the transfer indicial ad 
mittance of terminals 22 with respect to 11 under short circuit con 
ditions. 

Similarly if terminals 11 are shortcircuited and a unit e.m-f. inserte: 


4 2 
Network 

’ 


between terminals 22 the current flowing between terminals 22 is 

denoted by Seo(t) = Se. and that flowing between terminals 11 by S 
Sie. If the network is passive, i.e., contains no internal source of 

energy, it follows from the reciprocal theorem that Ss;= Sy. As fay 


as the two sets of terminals are concerned, the network is completely 


specified by the indicial admittances Sy1,S22,Se1= Sie. 
Now let a voltage V,(¢ V, be inserted between terminals 11, and 
a voltage Volt Vs between terminals 22. The current tlowing 


between terminals 11, denoted by J, is 


a 
I,(t) 7 T) T T 293 
while the corresponding current between terminals 22 is 
/ | o( 7) Sool(t : / Sorlt 254 
dt.J/y 
Now consider two networks of indicial admittances S;;, Soo, Sy. = So, 


and 7\1,7'22,7 12 = 72; respectively and let them be connected in tandem 


as shown in Fig. 28 to form a compound network 


{ — — 
Sy 'V31 Ty 12 


We require the indicial admittances of the compound network in 
terms of the indicial admittances of the component networks 
Short circuit terminals 22 of the compound network and insert a 


| 
Fig. 28 
¢ ¥ 
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unit e.m.f. between terminals 11. Let V2,(¢) denote the resultant 
voltage between terminals 33 measured in the direction of the arrow, 
and J; the current flowing between the networks. We have then the 


two following expressions for the current Js. 


I 
S (7) Sox(t—7)d7 (255) 
dt./o 
and 
[3 = (7) (256) 
dt./o 
Equating we get 
Valo) [Soo(t—7) + 711(t—7) ] dr = Sai (t). (257) 


By precisely similar reasoning, if terminals 11 are short circuited 
and a unit e.m.f. inserted between terminals 22, and the correspond- 


ing voltage across terminals 33 denoted by V2, we have ° 


d 


V 30( T) [Soo(t T) r)|dr T 32(t). (258) 
dteJo 


Equations (257) and (258) are integral equations of the Poisson 
type which completely determine 13; and V2 in terms of the indicial 
admittances Sand 7. We shall discuss the solution of these equations 
presently. 

If Ue2,U2;= Uy. denote the indicial admittances of the com- 
pound network we have at once 


U2 (7) To1(t—7)dr 260 
22 = 122 dt.) 32(7) £ arf (260) 
and 
Un =Up= | Vai(r) 
dt, 0 
(261) 
(r)Sia(t—7)d 
di.Jn 32\T) O12 T)aT. 


If, therefore, equations (257) and (258) are solved for V3; and VW., 
the required indicial admittances of the compound network are given 


§ 1’. being opposite to V3, in direction. 


| 
4 
‘| 


ELECTRIC CIRCUIT THEORY) 347 


by (259), (260) and (261) in terms of the indicial admittances of the 
component networks. 

A simple example will now be worked out illustrating the method 
of solution just discussed. Suppose that a unit e.m-f. is impressed 
on a transmission line (infinitely long) of distributed constants R,L,.C, 
through a terminal resistance R,. Required the terminal line voltage 
V. 

The operational equation of this problem is gotten in the usual 
manner. The current entering the line is 


p 


: 
NLp+R’ 
It is also obviously equal to R (1—V): equating the two expressions, 
and rearranging we get: 
Lp+R 
\ Cp 


Lp+R 

Ro+ 
Cp 

Writing R/2L =p and setting R,= VV L/C, this becomes 


V 1+2p Pp (262) 
1+-2p/p 
Phis operational equation can, of course, be solved in a number of 
ways, though, as a matter of fact, its numerical solution is quite 
troublesome. This point will be returned to later: we shall first 
formulate the problem in accordance with the method just discussed. 
The indicial admittance of the line is known; it is 


Consequently the current entering the line is explicitly 


af, 


But the current is also equal to (1— Vi(t)); equating, we get 


R 


d f* 
"(t) = t—r)dr. 
V(t)=1—R Vir)A 


: : 
| 
rt] | 
| 
| 
é 


SYSTEM ECHNICAI IURNAL 
Performing the indicated ditterentiations 


V(t) =1—-R,A(0) Vit -R 


A'(t) — \ 


and R,=~ L/C; therefore the equation becomes 


\s a matter of convenience we change the time scale to pf, and get 
| 
| dr 


where it is understood that ¢ is actually pt. This is the integral equa- 
tion of the problem and is in the canonical form of Poisson’s integral 
equation. 

Before solving this equation numerically I shall show how a simple 
approximate solution is obtainable immediately; an advantage often 
attaching to this type of integral equation. 


Phe function I(t) is equal to —1 for ¢=0 converges 


rapidly to zero, V(t) has, as we know from the operational equation, 
the initial value 1/2 and the tinal value 1. Neither function changes 
sign. .It follows from the mean value theorem that the equation 
can be written as 


‘ eJ0 dt 


where Integrating 
le 'T (at) — 1) 


and 


Vit (264) 


4 
| 
] *t 
Vit = T T [/ pt) —1\(pr le 
9 
- mel 
a 


The correct initial and tinal values of V(t) result { 
of a<1; so that approximately 
vit 
] +¢ 
Phis equation, while not exact, except for ¢=0 and 


faithfully the general character of V(t) and the wav 


final value unity. For large values of ¢ 


whence 


Approximations of the foregoing type are not alwavs possib 


may not be of sufficient accuracy. I shall 


equations of this type and works quite well in | 


write the integral equation in the more general form 


u(x) =f(x)-4 | 


where f(x) and &(y) are known and 


Very 


Approd cs if 


therefore 


unknown. 


method of numerical solution which is generally applicable 


practice 


Phe 


~ 


C all 


nen 


IHD 


method 


depends on the numerical integration of the detinite integral Let 


us divide the x scale into small intervals d and for convenience writ 


u(nd) =u, 

f(nd) =f, 

k(nd) = Ri 
Now from the integral equation we have at once 


=J 


u(d) = uy | 


Now if d is taken sufficiently small 


d 
uld—vkividy= 
whence 
d 
=fit—> 


and 


integral 
|_| 


which determines since is known. Similarly 
which determines ws. Proceeding in the same manner 
In this way we determine the value of w(x), point by point from the 
recurrence formula 


Int d{iu k, T uyk, | ky] HE 

l— skid 
The result of the application of numerical integration, in accordance 


with formula (266), to the integral equation (263) is shown in Fig 


29). The dotted curve is a plot of the approximate solution as 
+ 
+ 
es of pt | 
Fig, 29—Line terminal voltage unit E.M.F. impressed on line through resistance 


given by equation (264), for a=1. We see that the voltage starts 
with the value 1/2 and slowly reaches its ultimate value, unity, 


its approach to unity, for large values of ¢, being in accordance with 
the formula 


2zt 


The application of the foregoing method to the transmission line 
problem proceeds as. follows. Let Sii(t), Seo(t) and S,2.(t) be the 
short indicial admittances of the line. S,,(f) is the current entering 
the line (at x =O) with unit e.m.f. directly impressed and the distant 


end short circuited, Sjo(f) is the current at x=s under the same 
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ae 

: 
V(t) = 


RI 


circumstances. Consequently from (252 
a,(t) + 2ao.(t) + 2a 


Soo is clearly equal to by svmmetry 
Now suppose that an e.m.f. E(t) is impressed 


v=0, through a terminal impedance and th 


x=s) closed through an impedance Z2. We suppose 
impedances and the actual impressed e.m.f. replaced 


line voltages Vy and Vos, impressed directly on the line 
| 


x Ss are 


But the current at x=s is also equal to the current 


impedance Zs in response to the terminal voltage V 


ao(t) the indicial admittance of Zo it is 


ad 
Fett | tT) Valrdz 
dt, 


Similarly the current entering the line at x =O is the 
in the terminal impedance Z; in response to the e.m 
noting by a,(t) the indicial admittance of Z;, it is 
ad 
dt, 


) 


on the line 


1 
DV the actual 


il O and 


in the termin i 


denoting by 
270 

current thow 
| 1 


Equating equation (268) and (271) and (269) and (270) we climinate 


and J.(t) and vet 


end 
— 
AE 
d 
a 
d 
dt. Jo 
| all T | dt | S f r) Val ride 
Jv 
| Silt—7) | [S22 T ae (lt | Vo(7r)dr =U 


. . : ] 
lhese two equations are Simultaneous integral equations of the Poisson 


type in Vy and Vs, which completely determine these voltages provided 
the admittances and the impressed voltages are known. They therefore 


represent the application of a new type of integral equation to the problem 
of electric circuit theory. 

The numercial solution of the general case, either by (248) or 
272 273) is necessarily laborious when the terminal impedances are 
complicated and is only justitied when the technical importance of the 
problem is considerable. | wish, however, to emphasize two points 
in this connection: the numerical solution is always entirely possible 
and, compared with other and older forms of solution, enormously 
simpler. One has only to inspect the classical forms of solution of 
problems of the tvpe to realize the truth of this last statement. 

I shall now give two applications of equations (272 275) to speciti 
problems, in one of which an approximate solution of the integral 
equation can be gotten, and in the other of which numerical integra- 
tion is apphed. 

Problem 1.) Given a non-inductive cable of distributed constants 
Cand R and length s, with unit e.m.f. apphed at «=O, while at v=s 
the cable is closed hy al condenser ‘aS Required the terminal voltage 
I(t) across the condenser C 

We tirst write down the short-circuit: indicial admittances of the 
cable; from equation (168) of a preceding section and equation (267) 


they are: 


Soi(t 
3 25p 
(275) 


where B=s?*RC/4. 


Now the current at x=s is equal to 


Syo(t) d | Soolt r)dr. 


It is also the condenser current due to the voltage V(t); that is 
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A 

Syl | 
| 
ty 
dt 


-quating the two expressions and integrating we get 


. . 


Sd vids V(r) 2745 


f the problem. In order to get an 


which is the integral equation « 
approximate solution without detailed computation we assume that 


the cable is long. In this case the leading terms of (274) and (275 


are large compared with the terms following: Furthermore S 
builds up very slowly while Sso(f) is a rapidly varving function \ 
good approximation therefore results if we take Pir) outside the 
integral sign in (276) and write 

whence 

. 


This approximation is quite good for long cables and shows the way 
V(t) builds up quite truthfully. We see that V is initially zero, and 


builds up ultimately to unity. For large values of ¢, it becomes 


Vie 27S 


This is the approximate formula also for the open circuit voltage, as 
mav be seen by setting C,=0 in (277 

In electric circuit problems, it is often sufficient, as implied above, 
to know qualitatively the behavior of an electric svstem without going 
through the labor of detailed computation. For this purpose thi 
formulation of the problem as a Poisson Integral Equation is par 
ticularly well adapted. A simple example will be given, which can 
be checked from the known solution. Suppose that we require the 
voltage Voat point x of an infinitely long transmission line (L.R,( 


in response to a unit e.m.f. impressed at vx=0. This is, of course, 


known from formula (211-a): we shall here be concerned, however, 
with approximate solutions from the Poisson integral equation of 


the problem. 


( 
l+ .. 
( 
. 
| 


It a(t) denote the indicial admittance of the line at point x, then 
the current at point x is simply a.(t), which is given by formula 
210-a But if Ve is the voltage al point Xi the current Is also 


given by 


Equating these two eXpansions, we get the integral equation of the 
problem 


Now if we write 7 =pt—A where p=R and A =~ then 
T2O 
Ni = | 


and in terms of the relative time 7’, the integral equation is reducible to 


d 
+A ( + 2, 
| 


while the exact formula for Vis by (21 


From the integral equation it is easy to establish superior . .d inferior 
limits for V(7)); it ts 


[ TL (T)VAT)d7 
VT). 


Both formulas give the correct initial and tinal values of V; namely 
e ‘ and unity. Since V lies between V, and V,, the mean value 
(V,+V,)/2 also has correct initial and final values and should be a 
better approximation than either. The table given below shows the 
orders of approximation obtainable from the case where A=3. It 
is evident from this table that the foregoing approximate formulas 
exhibit the form of V(7)) qualitatively in a quite satisfactory manner. 


7 V(r)a,(t—r)dr. 
dia 
‘3 

| 
T / . 

Vl +Ae ar. 
+24) 
Io(V 1(T+2A) 

(1) 
| 


RIC CTR 

J | 

O05 
} 39 19 
50 
10 64 3] 
12 0 69 Oo 34 
15 (.74 3S 
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Problem II.) Our second illustrative problem may be stated as 


follows :—A unit e.m.f. is impressed on a transmission line of lengt! 


and distributed constants L,R,¢ 


ance R, in parallel with an inductance L.. 
the terminal resistance. If V 


current at x=s is given by 


It is also equal to the current flowing into the 


that is 


Equating and rearranging 


ii = Sys 


 Atax=s the line ts closed bv a resist 


t | Vir 


Now the short circuit admittance So. and 


(210-a) of a preceding chapter, 
numerical integration to (279 
the constants. We take 


and 


Required the current in 


2 


\ 


. numerical values must be assigned to 


L/C =1935 ohms, 


L,.=0.4 henry, 


R 
v= \ 


s= 100. 


99 


EC=1.106> 


t) denotes the terminal voltage, the 


terminal impedance; 


L 


given by formula 
In order to apply 


() 42 4 
4] 
3] 44 
36 i) 48 
Oo 
d 
| dt.Jo 
| 
| 
Pere. 
V(t) + V(r)dr. 
| 
Vary 
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Phe results of the numerical evaluation of equation (279), with these 
values inserted, is shown in Fig. 30.) The voltage is identically 
zero until 7f=100; ¢t=100/7 is the time of propagation of the line. 


p 100p 


At that instant it jumps to the value e and then begins 


to die away rapidly due to the draining action of the inductance. 


| 30 Voltage across terminal impedance on smooth line 


The effect of secondary reflection is insignificant and therefore not 
shown. The current in the terminal resistance is VR, so that it is 
given by the same curve. 

I have reserved until the last the exposition of the expansion theorem 
solution as applied to transmission lines with terminal impedances, 
for the reason that it is the least powerful and the most restricted, 
although most closely resembling the classical form of solution. Fur- 
thermore, it does not represent the sequence of physical phenomena, 
in fact it is not a wave solution, but a solution in terms of normal 
or characteristic vibration. In practical application its usefulness is 
restricted to the non-inductive cable. 

It will be recalled that the expansion theorem solution is formu- 


lated as follows: 
If A=1/Z(p) 


is the operational equation of the problem, then the explicit solution is 


n 
A(t)=-; + 
Z(o) px) 
1 


where pi,p2... are the roots of the equation Z(p) =0. 


4 
2 
\ 
+ + + 4 
Values of vt 
4 
> 


Let us apply this formula to the case of a line of leng 
e.m.f. directly applied al A s, and line short circuited 
ferring to equation (244) and putting \=n,;=uo= 1 we xe 

cosh yi \ | 
K sinh ys 
as the operational formula of the problem. This can le 
h 4 | 
: cosh \ 
Cp-+G 
y sinh 


where in the general case, 
y=V (Lp+ R)(Cp+G 


The values of y for which Z,(p) vanishes are the root 


cendental equation 


sinh ys =0 


excluding zero. These roots are infinite in number: Let 
root; then 


The corresponding values of Pp» are then gotten by solving 
p and writing 


The explicit solution of the operational equation (21) is 


), ay 
dp 
| cosh \ 
Z (14 
dp, 


Let us apply this to the non-inductive, non-leaky cable 
L=G=0 and RCp, so that 


R¢ 
Dig R 
Ri 
and 
dy 


2S] 
trans 
be he 
IND 
en 
which 


i 
with unit 
\ 
Written as 
Ym (S \ 
: 
| 
| 
d Pm é 


Also We thus vet 


mir 
| COs ‘ (285 
R SR 


Phis is a thoroughly practical formula for computation, owing to 
the rapid convergence of the series. In fact, for this particular line 


termination chosen, it is probably the simplest and most easily com- 


puted form of solution. These advantages depend, however, strictly 
on two tacts. birst, the fact that the line is taken as non-inductive 
and secondly that the terminations « hosen are those of a short circuit. 
In fact, as we shall see, it is only in the case of the non-inductive 
cable that this twpe of solution is of any practical value. 

There is one other point which should be carefully observed. in 
connection with this solution (285). This is that it is not expressed 
in terms of a series of direct and reflected Waves, corresponding to the 
sequence of physical phenomena, but in terms of normal or characteristic 
wbrations. This point will be returned to later. 

Let us now attempt to apply this type of solution to the trans- 
mission line, L,R,C,G. Writing 


G 
SL ' 


We have 


whence 


+ 
» 
R G 
| 
| 
v 
d Ym | 
Ym Pm +p 
d Pm 
4 


Setting G=O0 for simplicity ind substitu we 
easy simplifications 
| ) COs ( \ } 
aul 


If we write 


286) can be written as 


This type of solution is often referred to as a wave solution and the 
component terms ot the series regarded as travell ne Waves As a 
matter of fact it is a solution in terms of normal or characteristi 
vibrations, each of which is to be regarded as instantaneously pro 
duced at time ¢=0. The solution in terms of true waves has been 
fully discussed in the preceding 

Formula (287) is practically useless for computation on account ot 
the slow convergence of the series (the series are only conditionalls 
convergent), and cannot be interpreted to bring out the existence of 
the actual direct and retlected waves and the physical character ot 
the phenomena it formulates. In fact, as stated above, this form o 
solution is useful only in connection with the non-inductive cable 

In the Cases considered above we have taken the simplest poss! 
ble terminations these of short circuits in which case t 
Z(p) are easily evaluated. Hf, however, the line is closed by arbi- 


1 


trary impedances, the case is quite different, and the location of the 


roots becomes, except for simple impedances, and then only in the 


case of the non-inductive cable, practically impossible. While, ther 


fore, the expansion theorem solution can be formally written down 
its actual numerical evaluation is a practical impossibility, except 
in a few cases. For this reason it will not be considered further here 
The physically artificial characte of the eX pansion solution as 
applied to transmission lines, may be seen from the following con 
siderations. When a wave is sent into the line, for a finite time 
equal to the time of the propagation of the line, it is independent of the 
character of the distant termination. Yet in the expansion solution 


every term involves and is dependent upon the impedance constitu 
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ing the distant termination. evidently, from physical consideration s, 
the series of Component vibrations making up the complete solution 
must therefore so combine as to annihilate the effeet of the distant 
termination for a ftimite time. The solution is, therefore, mathe- 
matically correct but physically artificial. 


Vote on Integral Fequations. 


An integral equation is detined as an equation in which the unknown 
funetion occurs under a sign of integration; the process of determining 
the unknown function is called solving the equation. 

Integral equations are of great importance in mathematical physics 
and in recent vears very considerable work has been done on them 
trom the standpoint of pure analysis. 

Phe types of integral equations with which we are concerned in 
the present work are Laplace's Equation 


F(p = | 


and Poisson's Equation 


=f(x)-+4 | o(v) A(x—y)dy. 


But litthe work has been done on Laplace's Equation from the 
standpoint of pure analysis; its most extensive and useful applications 
appear to be in connection with the Operational Calculus. Practical 
methods of solution are extensively discussed in the text. 

We shall now briefly discuss the solution of Poisson's Equation. 

The formal series solution, which is absolutely convergent, is ob- 


tained by successive substitution. Thus suppose we write 
o(x) = (x) +6)(x) 4 
and define the terms of the series in accordance with the scheme 


bo(x) =f (x) 


$(x) = | o.(v)K(x—y)dy, 


= | ete., 


the resulting series satisfies the integral equation and is absolutely 
convergent. Tt is, however, practically useless for computation. or 
interpretation, 


< 


RI 


A power series solution, when it exists, can be gotten by repeater 


differentiation; thus 


(0 


In this way all the derivatives at v=0 are calculable; let them bn 


denoted by Then 


This form of solution, also, is of limited practical usefulness, except 


for small values of x. 
A number of mathematicians, including Wittaker and Bateman, 


have studied the question of numerical solution and suggested other 


processes. After quite extensive study of the question, however, the 


writer is of the opinion that) point-by-point numerical integration 
like that discussed in the text is, in general. the most practical, rapid 
and accurate method of numerical solution. This judgment is con 
firmed by G. Prasad who, in a paper on the Numerical Solution of 
Integral Equations delivered before the International Mathematical 
Congress (Toronto, 1924), discusses the whole question and arrives 
at the same conclusion. 

In the text, numerical integration is carried out in) accordance 
with Simpson’s Rule. [t is possible, of course, to employ more com- 
plicated and refined formulas for approximate quadrature. It is the 
writer's opinion that this is hardly justitied in practical problems and 
that the required accuracy is more simply obtained by employing 


smaller intervals. 


Appendix to Cha pter FX. Note on Conventions as te Stens in Netiwor! 


In the network shown on page 196 the arrows indicate the dire¢ 
tions chosen as Positir e in the network itself, quite regardless of 
presence of any e.m.fs. and currents 

The sign attributed to a current, an e.m.t., or a voltage is positive 


if the current, e.m.f., or voltage is in the positive direction; otherwise 
the sign is negative. 
Stated more fully: 


A current at a specific point (at a specific instant of time) is posi- 


: 
ho), 
@ (Xx K(x) | Kivid 4 
zh. 
Xx \ 


tive if it is flowing in the positive direction; negative if flowing in the 
negative direction 
An e.m.f. or a voltage between two points is positive if the potential 


increases in the positive direction between the two points; negative 
if the potential increases in the negative direction. (It may be noted 
that this convention makes the sign of a voltage the same as the sign 
of that e.m.f. which could be inserted between the two points without 


producing anv effects in the network 


CHAPTER X 
INTRODUCTION TO THE THEORY OF VARIABLE ELECTRIC CIRCUITS * 


In the preceding chapters it has evervwhere been assumed that the 
networks are invariable: that is to say, that the constants and con- 
nections of the network do not varv or change with time. In many 
important technical problems, however, we wish to know, not merely 
what happens when an electromotive force is applied to an invariable 
network, but the effect of suddenly changing a circuit constant or of 
introducing a variable circuit element. In the present chapter we shall 
show that this type of problem can be dealt with by a simple extension 
of the methods discussed in the preceding chapters 

The simplest and at the same time one of the most technically 
important problems of this type is the effect of sudden short circuits 
and sudden open circuits on an energized network or system. This 
twpe of problem will serve as an introduction to the more general 


theory. 
Lhe Sudden Short Circuit 


Consider the network shown in Fig. 3l. 


™ 
> 
ce < 
¢ 


Fig. 31 
This network, which for generality is supposed to consist of two parts 
\ and B, indicated schematically, is energized by an electromotive 
force A(t) which produces a voltage V(t) between the points ab. 
(t) is caleulable by usual methods from E(t) and the 


Phe voltage | 
constants and connections of the network, supposed to be specified. 


>The material in this chapter is largely taken from a paper by the writer on 
“Theory and Calculation of Variable Electrical Systems,’’ Phys. Rev. Feb. 1921. 
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/ R/ 
We now suppose that, at reference time /=0, a short circuit is sud 
denly placed across ab; and require the etfect of this short circuit on 3 
the distributions of currents in the network Phe solution of this 
problem is based on the following proposition 
The effect of the short circuit ts precisely the sante as the insertion 
time t=O of a voltage— V(t), equal and opposite to V(t), between point 
aand b. 
The resultant currents in the system for ‘20 are then composed 
of two components 
(1) The currents which would exist in the invariable network. in 
the absence of the short circuit, due to the impressed source & 
These are calculable by usual methods 
(2) The currents due to the electromotive force V(t) inserted at 
time t 0), between the points a and pb hese are also calculable bb 
usual methads, since V(¢) is itself known from the primary distribution 
of currents and charges 
By the preceding analysis we have succeeded, therefore, in reducing 
the problem of a sudden short circuit, to the determination of the 
currents in an invartable network in response to a suddenly impressed 
electromotive force: that is, the problem to which the preceding 
chapters have been devoted 
The Sudden Open Circuit 
The problem of a sudden open circuit in any part of a network 
can be dealt with ina precisely analogous manner, although the actual 
calculation of the resultant current and voltage distribution is mathe 
matically more complicated. Consider the network shown in Fig. 32 
a 
E(t) A B 
| | | | 
b 
Fig. 32 
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Here the network is supposed to be energized by an electromotive 
force E(t) which produced a current J(f) in the invariable network in 
branch ab. We require the effect of suddenly opening this branch 
The solution of this problem depends on the following proposition 
The effect of opening hranch ab at reference time t=O 1s the same 


suddenly inserting at time t=0, a voltage V(t) whi broduces in bran 


ab a current I t equal and Opposite to the current whic) FAL, ile exis? in 


the branch in the absence of the open circuit. 


While this proposition is precisely analogous to the corresponding 
proposition in the case of a sudden short circuit, it does not explicitly 
determine the voltage V(¢), which must be calculated as follows: 

Let the driving point indicial admittance of the network, as seen 
from branch a6 be denoted by A.)(f).. Then, from the preceding propo- 
sition, it follows at once that V(t) is given by 


Phis is a Poisson integral equation in V(t), from which V(t) is calcul- 
able. With V(f) determined, the currents in any part of the network 
are calculable by usual methods, and consist of two components: 

(1) The current distribution tn the network due to the impressed 
source in the absence of the open circult. 

(2) The current distribution due to the electromotive force V(t) 
inserted in branch ab at time ¢=0. 

As in the case of the sudden short circuit, we have thus reduced the 
problem of a sudden open circuit to the determination of the current 
distribution in an network in response to a suddenly im- 


pressed electromotive force. 


Variable Circuit Elements 


In the preceding cases of sudden open and short circuits it will be 
observed that the network changes discontinuously from one invariable 
state to another. A more general case, and one which includes the pre- 
ceding as limiting cases, is presented by a network which includes a 
variable circuit element: that is, a circuit element which varies, con- 
tinuously or discontinuously, with time. A network which includes 
such a variable circuit element will be called a variable network. Vari- 
able circuit elements of practical importance are the microphone trans- 
mitter, which consists of a variable resistance, varied by some source of 
energy outside the svstem; the condenser transmitter, which consists of 
a condenser of variable capacity; and the induction generator, in 
which the mutual inductance between primary and secondary, or 
stator and rotor, is varied by the motion of the latter. The case of a 
variable resistance will serve as an introduction to the general theory 
of such variable networks. 

Consider a network, energized by a source /(f) in branch 1, and 
containing a variable resistance element r(f) in branch ». The funce- 
tional notation r(f) indicates that the resistance ¢ varies with time. 
Let /,(f) denote the current in branch 2, and assume that the network 


| 


is in equilibrium prior to the reference time ¢=0. The mathematic 
theory of this network depends on the following proposition 

The network described above can he treated as an inva 
by eliminating the vartable resistance element rit) and inserting 
motive force —r(t)I,(t): that is, an electromotive force equal and 1p po 
site to the potential drop across the variable resistance element. Conse 
quently the current in the variable resistance branch is determined 
analytically by the integral equation 


d d 
at. 0 dt. 
The first component is simply the current J,(/) which would exist 


the variable branch if the variable element were absent: hence, drop 
ping the subscript » for convenience, the current in the variabl 


branch is given by the integral equation 


d INE 


and the voltage across the variable element by 
v(t) =r(t) I(t). 200 


Having determined /(¢) and 2(f) from this integral equation, the dis 
tribution of currents in the network is calculable as that due to a 
source /(t) in branch | and a source 2(f) in branch » of the invariable 
network: that is, the network with the variable resistance element 
eliminated. 

A very simple example will serve to illustrate the foregoing 

Into a circuit of unit resistance, and inductance L=1 a, in which 
a steady current J, is flowing, a resistance r is suddenly inserted at 
time ¢=0: required the resultant current J(f). In this case we have: 


A(t) =indicial admittance of unvaried circuit 
r(t)=r, 
and the integral equation of the problem is: 


d 


I(t) =I,—r 
dt, 


| I(t—y)d) 


| T(t e~ dy. 


| 
| 
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If the solution is carried out as indicated by (291) below, and if the 
notation af=x is introduced, we get without difficult, 
I(t [,71- r(1 + —r*(] NXE 
where the function e,(x) is detined as: 
first w terms of the exponential series. 


For all tinite values of the resistance increment r the series can be 
summed by aid of the identity 


Equation (289) is an integral equation of the Volterra type, which 
includes the Poisson integral equation as a special case. Its formal 
series solution is obtained as follows: Assume a series solution of the 
form 


[,(t) =1,(t) —1,(t) + (291) 


and detine the terms of the series by the scheme 


= [ro -r)dr 

( 
I, = | r(r) 1(t—r)dr 

Gel 


Direct substitution shows that this series satisfies the integral equa- 
tion. Furthermore, it is easily shown that it is absolutely con- 
vergent. 

While this series solution is not, in general, well adapted for numer- 
ical calculations, it throws a good deal of valuable light on the ulti- 
mate character of the oscillations in the important case where /(¢) 
and r(t) both vary sinusoidally with time. In this case, if the fre- 
quency of the applied e.m.f. be denoted by F and that of the resistance 
variation by f, it is easy to show that the current J/,(¢) in the unvaried 


—e,(x)e-* = | dxe—*x"—'/(n—1)! 
= 
ae Substitution of this identity gives 
14 
fo 
l+r 


circuit is ultimately a steady state curr of frequency / 
follows from the fact that the detinite integral which detines the en 
T(t) is resolvable into the ultimate steady state « corresponding 
to an apphed force of frequency Fy and the accompanying 
oscillations which ultimately die away Phe fietitious e.m.f. which 
mav be regarded as producing the component current is rf 
this is ultimately the product of the two frequencies F and ind 
therefore resolvable into two terms of frequency / ind / re 
spectively. Carrving through this analvsis. it is easv to show th 


each component current is ultimately a steady-state but polv-periodic 


oscillation, as indicated in the following tabl 


me 
Component Current bree 
] 
I; 2 
I; 3 } } 2 
I; F+4f,F+2f,F,F—2f,F—4 


It is of importance to observe that the component currents involve, 
from a mathematical standpoint, multiple integrals of successivels 


higher orders, the 2th component J,,{f) involving a multiple integra 
| 


of the n™ order with respect: to [a(t Consequently the successive 
currents require longer and longer intervals of time to build up to 


their proximate steady-state values, so that the 


time required for 
the resultant steady-state to be reached cannot be inferred from 
the time constant of the unvaried circuit. 

From the preceding table it will be seen that the ultimate steady 
state current is obtained by rearranging the series /,+17;+/. and is 
of the form 


An cos (Q+nw)t+B, sin (Q+nw)t 
x 


where Q=27F and 
It is interesting to note that this series comes within the detinition 
of a Fourier series only when F=0 or an exact multiple of f. The 
steady-state solution is of very considerable importance and is con 
sidered in more detail in a succeeding chapter 
From the foregoing we deduce an outstanding distinction between 


the variable and invariable networks. In the latter the currents are 


M Tt hardly seems necessary to remark i ‘ ore ‘ 
trarv and that the resistance variation may start at 
Way regarded is ste ry Lite during the entire 
terested. Going farther, if we contine our attent ‘ 


the whole process may be treated as steady 


| 
i 
| 
| 
| 
| 


ultimately of the same frequency as the impressed e.m.f., whereas 
in the former they are ultimately of an intinite series of frequencies. 

In the preceding example, the variable impedance element is a 
resistance r(f). Tf the variable element is taken as an inductance 


A(t) the voltage, corresponding to equation (290) is 


The case of a variable capacity element is handled as follows: 
Let 1 C=S and assume that Sis variable: thus, S=8,+o(t). The 


drop across the variable condenser element is then 


w(t) =alt | I(t)dt. 
Similarly a variable mutual inductance u(t) between branches m and 


H produces the voltages 


in branch mm, and 


d 
) 
dt 


in branch w. This case may be illustrated by: 


Lhe Induction Generator Problem 


In a sufficiently general form, this problem, which includes the 
fundamental theory of the dynamo, may be stated as follows: 

Given an invariable primary and secondary circuit with a variable 
mutual inductance W(t) which is an arbitrary but specified time 
function, and let the primary be energized by an e.m.f. £(t) im- 
pressed in the circuit at the reference time ¢=0: required the primary 
and secondary currents. 

In operational notation the problem may be formulated by the 
equations : 


Zyl; pAlf(t 
+ 
in which Z,; and Zgs are the self impedances of the primary and sec- 


ondary respectively; is the variable mutual inductance; 
is the applied e.m.f. in the primary; and p denotes the differential 
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a 
(t). 
adi 
d I 
adil 


operator d dt. By aid of the fundamental formula these equations 


may be written down as the following simultaneous integral equations 
d / \ : 
dt, ad 


d ; ( 
In these equations, Ayi(f) and clesif) denote the indicial admittances 
of the primary and secondary circuits respectively (when J/=0 


that is, the currents in these circuits in response to a unit emf. (zero 
before, unity after time /=0). We assume, of course, that they are 
known or can be determined by usual methods. 

It follows at once that the formal solution of these equations is 
the infinite series: 


in which the successive terms of the series are defined as follows 


| dyA / / 
at 
ad d 
d d 


d 


In the light of formula 


the physical interpretation of the series solutions follows at once 
Thus, Y,(¢) is equal to the current /,(/) flowing in the tsolated primary 
in response to the applied e.m.f. A(t); the first component current 
V,(¢) in the secondary is equal to the current which would flow in the 
isolated secondary in response to the applied e.m.f. Vid 

No(t), the second component current in the primary, is equal to the cur 


rent in the isolated primary in response to the appled e.m.l Wid dt 


IY a 
Tait ... 
2 
| 
| 
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yf); ete. The resultant currents are thus represented as built up 
by a to-and-fro interchange of energy between primary and secondary, 
or by a series of successive reactions. In the important case where 
the applied e.m.f. and the variation of mutual inductance are both 
sinusoidal time functions, of frequeney F and f respectively, it is easy 
to show that each component current becomes ultimately equal to 
a set of periodic steady-state currents. Thus the component X, 1s 
ultimately single periodic, of frequency Fy ¥y is ultimately doubly 
periodic, of frequencies F+f and F—f; NX» triply periodic, of fre- 
quencies F4+-2f, F and F—2f; Ys quadruply periodic, of frequen- 
cies F+3f, F+f,F—f,F—3f; etc. 


Lhe Solution for the Steady-State Oscillations 


For the very important case of periodic applied forces and periodic 
variations of circuit elements we are often concerned exclusively 
with the ultimate steady-state of the system, and not at all with the 
mode in which the steady-state is approached: that is, attention is 
restricted to the periodic oscillations which the system executes after 
transient disturbances have died away. In this case, if the periodic 
Variations of circuit elements are sufficiently small, the required steady - 
state is obtained in the form of a series by replacing each term of the 
complete series solution by its ultimate steady-state value; a process 
which is very simple in view of the physical significance of each term 
of the latter series. The appropriate procedure will be brietly ilus- 
trated in connection with the variable resistance element. In view 
of the fact that we are concerned only with the ultimate steady- 
state oscillations, we can base the solutions on the symbolic equation 


(293) 


Here r(f} is the variable resistance element; J, is the current which 
would flow in the absence of the resistance variation; and Z is a gen- 
eralized impedance of the network, as seen from the variable branch. 
ts precise significance and functional form is given below. 

We now suppose that J, is given by 
real part) (204) 


where the bar indicates the conjugate imaginary of the unbarred 


%y 


symbol, so that (295) is entirely real. Correspondingly the variabl 
resistance will be taken as 
r Py 
é 
real part JUG; 
rcos at. 


Here ris taken as a pure real quantity, which fixes the size of the re 


sistance variation. No loss of generality is involved in this, since it 


merely involves referring the time scale to the zero of the resistance 
variation. 


The symbolic impedance Z, as employed in the theory of alter- 
nating currents, will depend on the frequency and is, in general, a 
complex quantity. [ts value at frequency @ 27 will be denoted by 


=Z 
while its value at frequency (Q+nw)/ 27 will be written as 
Z(UQ2+nw 4 
We now assume a series solution of (298) of the form 
[=I[,+1,4+1 


where the terms of the series are detined by the symbolic equations 


) 
r(t 
l, In. 


Substitution shows that this series formally satisties the equation. 


Starting with the first of (297) and substituting (295) and (206 


we get 
17 
or 


In (299) itis to be understood that the real part is alone to be retaine: 


3 
| 
| 
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Proceeding in a similar way with the equation 


I, 
we vet 


In this way the steady-state series solution is built up term by 
term, the component currents being poly-periodic as indicated in a 
previous table. 

kor sufficiently small impedance variations this method of solution 
works very well, and leads to a rapidly convergent solution. In 
other cases, however, the solution so obtained may be divergent, 
even when the complete series solution from which it is derived is 
absolutely convergent. The explanation of this lies in the fact that 
the steady-state series so obtained is the sum of the limits (as ¢ ap- 
proaches infinity) of the terms of the complete series solution, whereas 
the actual steady-state is the limit of the sum. These are not in 
general equal; in particular the former may be and often is divergent 
when the latter is convergent. 

In view of the foregoing considerations it is of importance to de- 
velop another method of investigating the steady-state oscillations 
which avoids the difficulties in the formal series solution. The fol- 
lowing method has suggested itself to the writer and works very well 
in cases where the previous form of solution fails. It should be stated 
at the outset, however, that the absolute convergence of the solution 
to be discussed, while reasonably certain in all physically possible 
systems, has not been established by a rigorous mathematical in- 
vestigation, which appears to present very considerably difficulties. 

We start with the problem just discussed and, in view of the results 
of the formal series solution there obtained, assume a solution of the 


form: 
\ 
-\ 
\ 
= > (real part). (302) 
\ 
Here the series is supposed to extend from m=+N to m=—N, 


Ultimately, however, V will be put equal to infinity. As before, the 


| 

¥ 

| 

J 


bar indicates the conjugate imaginary of the unbarred svmbol ane 
(3801) is therefore entirely real. 
If we now substitute (301) in the symbolic equation (293) we vet 


bv (295) and (296), 


Simplifying this equation and dropping the conjugate imaginarie- 


gives: 


r 


p 


- 


Finally, if we write 


and 


and equate terms of the same frequency on the two sides of the equa- 


tion, we get 
Ay 1 


Am hy Am Ay 1 N 
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It will be observed that, by (305), starting with ely each coeftic lent 


is determined in terms of the coetticient of the next lower ndex 


Thus: 


Similarly 


— 
Ax tn — 
Ay hy 
l—hy 2hy be 
ihe 


Continuing this process it is easy to show that, for positive indices 
positive 


A» 


306) 
where C,, designates the continued fraction 
l 
thm +o 
l 
hy Hy 
The procedure for the coethcient in is precisely similar. kor 
convenience: -we write and In 
this notation we get by precisely similar procedure 
where 


» designates the continued fraction 


l 
| - 


We now put the index .V equal to intinity and the continued fractions 
C,, and C,, become intinite instead of terminating fractions 
Collecting formulas we now 


have 
Aw 


and 


whence 


hy 


Phe coethicients are thus all determined in terms of J,. 


The practical value of this method of solution will depend, of course, 
on the rate of convergence of the continued fractions. While no rigor- 
ous proof has been obtained, it is believed that they are absolutely 
convergent for all physically possible systems, but this question cer- 
tainly requires fuller investigation. Nevertheless any doubt regard- 


ich 
5 
feo 
\ ] , 
] 
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ing the convergence of the solution need not prevent the e of the 
method in a great many problems where physical considerations 
furnish a safe guide. For example this method of solution, whet 
applied to the problem of the induction generator, discussed above 
leads to the usual simplitied engineering theory of the induction 
generator and motor, besides exhibiting effects which the usual treat 


ment either ignores or fails to recognize 


Non-Linear 


In the previous examples discussed, the variations of the variable 
circuit elements are assumed to be specitied time functions, which is 
the same thing as postulating that these variations are controlled 
ignored forces which do not explicitly appear in the statement and 
equations of the problem. We distinguish another type of variable 
circuit element, where the variation is not an explicit time function 
but rather a function of the current (and its derivatives) which is 


flowing through the circuit. For example, the inductance of an ire 


core coil varies with the current strength as a consequence of mag 


netic saturation. The equation of a circuit which contains such a 
variable element (provided it is a single valued function) may | 
written down in operational notation 

or 
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In this equation Z is, of course, to be taken as the impedance of 
the invariable part of the circuit, the indicial admittance of which 
is denoted by the usual symbol 4 

Equation (311) may be interpreted as the equation of the current 
I(t) in a circuit of invariable impedance Z when subjected to an 
applied e.m.f. A(t) —@[1/(t)}; consequently, by aid of our fundamental 
formula, J(f) is given by 


The first integral is simply the current in the invariable circuit of 
impedance Z in response to the applied e.m.f. E(f); denoting this 
by J(t), we have 


This is a functional integral equation, the solution of which is gotten 


: 
i 
j 
} 
| 
| 
| 
d 
j 
dt, 0 
; 
| i 


by some process of successive approximations. For example, pro- 


vided the sequence converges, /(f) is the limit as ” approaches in- 


finity of the sequence 


Where the successive terms of the sequence are detined by the relations : 


d 


We shall not pursue the discussion of non-linear circuits further, in 
view of their mathematical complexity and their relatively specialized 
technical interest. The reader who is interested may, however, con- 


sult the writer’s paper on Variable Electrical Svstems,'! for a fuller 


treatment of the subject. 


CHAPTER NI 


Puke APPLICATION OF THE FOURIER INTEGRAL TO ELECTRIE 
Crrcurr THEORY 


The application of Fourier’s series in electrotechnics is a common- 
place; the use of the Fourier integral, however, has largely remained 
in the hands of professional mathematicians. An outstanding dis- 
tinction between the series and the integral, from which the greater 
power of the latter may be inferred, is that the series represents only 
a periodic regularly recurrent function, whereas the integral is cap- 
able of representing a non-periodic function: in fact all types of fune- 
tions, subject to certain mathematical restrictions which are usually 
satishied in physical problems. 

Before taking up the application of the Fourier Integral to Electric 
Circuit Theory, we shall very briefly review the elementary mathe- 
matics of the series and integral; for a fuller treatment the reader is 
referred to Byerly, Fourier’s Series and Spherical Harmonics.” 

(onsider a function which in the region 7 is finite, single- 

Phys. Rev. Feb., 1921, 


In this chapter the Fourier Integral is approached from the view-point of its 


physical appheation and no completeness or rigour is claimed for the treatment. 
The mathematical theory of the Fourier integral is, of course, completely developed 
in treatises on the subject. The object of this chapter is merely to outline some ot 


its applications. 


nee 


valued and has only a tinite number of discontinuities or of maxima or 


minima. In this region it can then be expressed as the Fourier serie 
o(t)=}3 A A, cos ( t)+B <in ( t 312 
/ \ / 
where 
2 
Olt) jd 
Tho l 


An equivalent series ts 


where 
=tan / A; 


This expansion is valid in the region OS¢< 7, irrespective of the 


form of the function elsewhere. Let us, however, assume that the 


function repeats itself in the period 7°: that is 


Then the expansion represents the function in the region — VJ 
Finally if .V is made intinite, the function is truly periodic and the 
Fourier series represents it for all positive and negative values ot 
time. 

It follows from the foregoing that, if the Fourier series represents 
the function for all positive and negative values of time, the function 
must be periodic for all positive and negative values of time; otherwise 
the expansion is valid only over a restricted range of time. 

Now let us suppose that @(f) Is non-periodic. For convenience, 
in connection with subsequent applications we shall suppose that it is 
zero for all finite negative values of time, that it converges to zero as 
and that 


exists. Such a function obviously cannot be represented by the usual 


Fourier series for all finite positive and negative values of time; 1 
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can be represented, however, by the limiting form assumed by the 
series as the fundamental period 7 is made infinite. That is, we 
can-assume that the function is periodic in an infinite fundamental 
period and this will not affect the expansion for finite positive and 
negative values of time. Proceeding in this way and putting the 
fundamental period 7 equal to infinity in the limit, the Fourier series 


$14) becomes an infinite integral and we vel 


1x 
a(t Flew) -cos ol —Alw dw S16 
where 
=x 1 
- 
| cos wtdt t sin wt dt 
and 
tan | sin wl dt | M(t) COs al dt. (318) 
e/tt eft 


Phis is the Fourter integral identity of the function $(t) and is valid 


for all finite positive and negative values of time. 

In physical applications, particularly those to electric circuit theory, 
it is often convenient to employ exponential instead of trigonometric 
functions. The required transformation follows easily from. the 
relation 


¢ cos sin 4, 
Phus if we write 27 =w, the Fourier series 12) ts easily reduced 
to the form 
F (ina, )e! (319 
where 
| 
Fiinw | 7) dr, (320) 
. 


In precisely similar manner the Fourier integral (316) can be written 
als 


Olt | F(iw)-e!des 391) 


| 
9 | Q r)dr | dw 
wT 
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Applications to Electric Circuit Theo 


Let us assume that at time / V7, an electromotive force E(t). 
periodic in fundamental period 7, is impressed on a circuit of mples 
impedance Z(tw), where w denotes 27 times the frequency Required 
the resultant current J. 

For values of ¢(>— NZ the electromotive force (see formula (319 
can be expressed as the Fourier series 


where 


The resultant current for (> — NT is therefore 


Flinw transient oscillations 


é initiated at time 


t V7. 


nw 


If we are concerned with the current for values of £20. and if VJ is 
made sufficiently large, the initial transients will have died away and 


the complete current for t20, will be given by 


a4 inw 
me 
This formula implies the periodic character of if) for sutticiently 


large negative values of time. If, however, Ait) is zero for necative 
values of time, we can employ the Fourier integrals (321) and (322 
in precisely the same wavy and get, as the com plete expression for the 


current for positive or negative values of time 


F lw 
| des 32 
lw 


The infinite integrals (324) and (325) formulate the current in 


network, specified by the impedance function Ziv), in response to an 
electromotive force pre ssed al time fie fheretore 
ally formulate OV ald Of ko rier Wile lentil file i} 


mental problem dealt with in the preceding chapters and solved by aid 
of the operational calculus, 


, 
E(t) = F(inw, 
1 
Flinw | 
| 
i 
| 
adi dar? 
‘ 
i 
| 
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| 
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No attempt will be made here to discuss the solution of the infinite 


integral (525), which ts usually a problem presenting formidable 
difficulties, even to the professional mathematician. The general 
method of solution is by contour integration in the complex plane 
and the calculus of residues. By this process it has been successfully 
applied to the solution of special problems, and also to deriving some 
general forms of solution such as the expansion theorem solution." 
Compared, however, with the operational calculus, it has no advantages 
from the standpoint of rigour, and lacks entirely the remarkable sim- 
plicitv and directness of the Heaviside method. 

In the direct solution of circuit: problems, therefore, it is believed 
that the application of the Fourier integral is attended by few if 
anv advantages, and presents formidable mathematical difficulties. 
Qn the other hand, there are certain types of problems encountered 
in theory, where the Fourier integral is a powerful tool. 


will be briefly discussed. 


Lhe Energy Absorbed from Transient Applied Forces 


In many technical problems, the complete solution for the in- 
stantaneous current due to suddenly applied electromotive forces, 
although formally straight-forward, involves a prohibitive amount 
of labor. In vet others, the applied forces may be random and 
specitied only by their mean square values. In such problems a 
great deal of useful information is furnished by the mean power and 
mean square current absorbed by the network, and to the calcula- 
tion of these quantities, the Fourier integral is ideally adapted. 
Its application depends on the following proposition, due to Ray- 
leigh (Phil. Mag., Vol. 27, ISS9, p. 466), and its corollary. 

Let a function (1), supposed to exist only in the epoch O<fS7, 


be formulated as the Fourier integral : 


x 


o(t) = | cos [we A(w)] dw 


tlw | coset dt | +[ | sin wt dt | 


tan | o(t)sin wt | o(t) cos wt dt. 


where 


Sush, “Summary of Wagner's Proof of Heaviside’s Formula.” Proc. Inst. 
of Radio Engineers. Oct., 1917 Fry. “The Solution of Circuit Problems.” (Phvs. 
Rev. Aug., 1919). 


| 
} 
i 
| 
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Then 


[ fle)? de, 


whereby the time integral is transformed into an integra 


respect to frequency. 
A corollary of this theorem is as follows: 
If two functions $)(f), g2(f) supposed to exist only in the epoch 
O<t<7, are formulated by the Fourier integrals 


¢1(t) = | filw) + cos [wt—A; (w)] 


=x 


| 
+70 T 


then 


The ap ylications ot these theorems to Cir uit leOory proceeds is 


follows: 

If an electromotive force E(t), supposed to exist only in the epoch 
OStsS7, is applied to a network of complex impedance Z 
Z(iw) e®® we know from the preceding discussion of the Fourier 
integral, that the electromotive force Fit) and current J/f) are 


expressible as the Fourier integrals 


E(t) = | COS (al Olw Iw 
0 


326 
fla 
T Z(iw) 


It follows at once from Ravleigh’s theorem that 


| dla. 327 
| Z(iw) 4 


“ie 


Now let J, be the current absorbed in branch w: let 2(tw (tu) ¢ 
be the impedance of that branch and let £,,(f) be the potential drop 
across that branch. It follows at once from the corollary to Rav- 
leigh’s theorem that 


W = | En (t)In(t)dt = | (iw) | cos alw)de. (328 
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Formulas (327) and (328) formulate the mean square current 
and mean power absorbed by the branch of the network under con- 
sideration, and enable us to calculate these quantities, even in the 
case of complicated networks, with a minimum of labor. Formula 
327) is particularly well adapted to computation because the inte- 
grand is everywhere positive, permitting, in most problems, of easy 
numerical integration, whereas the analytical solution may be com-_ 
ated. 

Formulas (827) and (828) have been applied to the theory of 
selective circuits, to the problem of interference from random dis- 
turbances, including static, and to the theory of the Schrotteffekt. 
For the details of such applications, which will not be entered into 
here, the reader is referred to the following papers. 

Transient Oscillations in’ Electric Wave Filters, Bell System 
Pechnical Journal, July, 1923. 


Selective Circuits and Static Interference, Trans. A. 1. FE. E., 1924. 


An Application of the Periodogram to Wireless (Burch & Bloeh- 
msma), Phil. Mag., Feb., 1925. 
The Theory of the Schrotteffekt (Fry), Journal Franklin Institute, 


Feb., 1925. 


Lhe Butlding-Up of Alternating Currents 


Another application of the Fourier Integral, which may be briefly 
mentioned, is to the building-up of alternating currents in response 


to suddenly impressed sinusoidal electromotive forces. The investi- 
gation of this problem is of great importance to the communication 
engineer, since the excellence of a signal transmission system = is to 
a considerable extent determined by the duration and character of 


the building-up phenomena. 

In long transmission systems the calculation of the building-up 
current as a time function is extremely complicated and laborious 
if not practically impossible. Furthermore we are usually not 
concerned with the current as an instantaneous time function, but 
rather with its envelope. The envelope of the current can be formu- 
lated and calculated by modified Fcurier integrals, by the following 
process. 

Suppose that an e.m.f. E cos wf is suddenly applied, at  refer- 
ence time f=0, to a network of transfer impedance 
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The resultant current J(f) may always be written as: ie 


l E 
i(t)= (1 +p) cos B)+o sin (wt—B 
2 Z| tw) 
E 
=> V —. cos 4 
where 
1+ p 


Evidently the functions p and o, which it is our problem to deter- 
mine, must be —1 and 0 respectively for negative values of f, and 
approach the limits +1 and 0, respectively, as t-+x. 


In an engineering study of the building-up process we are prin 


cipally concerned with the envelope of the oscillations: hence with 


Our problem is therefore to determine the functions p and o and to 
examine the effect: of the applied frequency w 27 and of the charae- 
teristics of the circuit, on their rate of building-up and mode of 
approach to their ultimate steady values. 


The functions p and o can be formulated as the Fourier integrals 


p= | [Pa(\) +P. sin = 
l dx 4 
| Oy ] cos 
T r 
| [Qu(X) + sin tA 
T 


| IP.()— 


T 
where 
Z (iw 
PotX os [Biw+A Bia 
Z(tw) +0} 
Zit 
Ow(X) sin [B(w+X Bla 
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These formulas are direc tly deducible from the fact that the ap- 
plied e.m.f., detined as zero tor <0 and E cos wt for t20, can itself 


aN 
coset{ I sin ay |. 


kor important types of transmission svstems, including the 


be expressed as 


periodically loaded line, these formulas have been successfully 
dealt with and solutions of a satisfactory approximate character 
obtained, For further details, the reader is referred to a paper on 
“The Building-Up of Sinusoidal Currents in) Long Periodically 
Loaded Lines” (Bell System Technical Journal, October, 1924). 

The foregoing must conclude our very brief account of the Fourier 
Integral and its applications in Electric Circuit theory; an adequate 
treatment of this subject would require a treatise in itself, and is 
beyond the scope of the present work. All that has been attempted 
is to give a very brief introduction to its significance in physical 
problems and a few of its outstanding applications in circuit theory. 
The reader who is interested in pursuing this subject further is 
referred to a paper by T. C. Fry on “The Solution of Circuit Prob- 
lems” (Phys. Rev., Aug., 1919), which gives a rigorous discussion 
of the solution of the Fourier Integral by contour integration, to- 
gether with some general forms of solution of the circuit problem. 


‘Tt was planned to include in this paper a bibliography of the important papers 
hearing on the Heaviside operational method. This, however, has not been com 
pleted, but plans call tor its publication in the next issue.—Editor. 
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Abstracts of Recent Technical Papers from 
Bell System Sources 


Cipher Printing Telegraph Systems for Secret Wire and Rad 
graphic Communications. G. S. VeERNAM. Phis paper describes 
printing telegraph cipher system developed during the World \\ 
for the use of the Signal Corps, U.S. Army. This svstem is <0 dt signed 
that the messages are in secret form from the time thev leave 


sender until they are deciphered automatically at the office of thi 
addressee. If copied while en route, the messages cannot be de 
ciphered by an enemy, even though he has full knowledge of the 
methods and apparatus used. The operation of 1 
described, as well as the method of using it for sending messages by 
wire, mail or radio. 

The paper also discusses the practical impossibility of preventing 
the copying of messages, as by wire tapping, and the relative ad 
vantages of various codes and ciphers as regards speed, accuracy 


and the secrecy of their Messaves. 


Methods of High Quality Recording and Reproducine of Music and 
Speech Based on Tele phone Resear h. MAXFIELD and H 
HARRISON” The paper deals with an analysis of the general re- 
quirements of recording and reproducing sound, with the nature of 
the inherent limitations where mechanical records are used, and a 
detailed description of a solution involving, first, the use of electrical 
equipment for the purposes of recording and, second, the use of 
mechanical equipment based on electric transmission methods for 
reproducing. 

Probably the most useful feature of the paper is the complet: 
description of the application of electrical transmission theory to 
mechanical transmission systems. A detailed analwsis is made of the 


analogies between the electrical and the mechanical systems. 


Electrical and Photo-Electric Properties of Thin Films of Rubidium 
on Glass. Herbert E. Ives and A. L. Jouxsrups Films which 
spontaneously deposit on glass surfaces in a highly exhausted cell 
containing rubidium are electrically conducting, and photo-electrically 
active. A study of the photo-electric properties of a rubidium coated 

1A I.E. E. Journal, Vol. 45, pp. 109-115, Feb., 1926. 

2A. 1. E. E. Journal, Vol. 45, pp. 243-253, Mar., 1926 


I 
3 Astrophysical Journal, Vol. 52, pp. 309-319, Dec., 1925 
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plane glass surface shows the normal and selective effects less well 
differentiated than for the similar coatings which form on metal 
plates. A rubidium film formed on the inside of a glass evlinder is 
found to exhibit, in the dark, a pure ohmic resistance. This decreases 
under illumination in a manner which appears to be explained as 
due to the liberation of photo-electrons which under a potential 
gradient form an added current along the tube. 


Lhe Influence of Temperature on the Photo-Electric Effect of the 
Alkali Metals’ Herbert Ives and A. L. JOuNsRUD. Special 
cells having a hollow central cathode were immersed in liquid air for 
an extended period to insure that any gases, if present, were con- 
densed on the outer alkali metal coated walls. The temperature 
of the cathode was controlled by a stream of evaporating liquid air, 
whereby all temperatures between +20 and —180° C. could be 
attained and held constant and be measured. In these cells the 
variation of photoelectric current with temperature in sodium, po- 
tassium, and rubidium is continuous, without abrupt changes. The 
effect is relatively small for sodium, showing hardly at all for blue 
light or white light, but clearly for vellow light. The behavior of 
rubidium is similar to that previously reported for potassium. 

In a second form of cell, potassium was collected in a deep pool. 
By slowly cooling the metal from the molten condition, smooth 
crystalline surfaces were obtained. With these annealed potassium 
surfaces, the variation of photoelectric current with temperature is 
represented by curves varying systematically in shape with the color 
of the light, and the effect is far greater than previously reported, 
amounting, for vellow light, to a variation of 10 to 15 times between 
room and liquid air temperature. When the surface is roughened 
curves of the previously reported type are obtained. Small pools 
give erratic effects, showing changes in opposite directions for differ- 
ent portions of the temperature range. [tis concluded that the varia- 
tion of photoelectric effect is intimately connected with the strains 


produced in the surface by expansion and contraction with tem- 
perature. 


Positive Rays in Thermionic Vacuum Tubes..2 HERBERT E. Ives. 
Thermionic tubes in which a quantity of alkali metal is present ex- 
hibit not only the normal electron current from the heated filament, 
but a positive current, which at low filament temperatures may be 


‘Journal of the Optical Society of America & Review of Scientific Instruments, 
Vol. 11, No. 6, pp. 565-579, Dec., 1925. 
> Journal of the Franklin Institute, Vol. 201, pp. 47-69, Jan., 1926, 
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many times larger than the negative current. The electron current 
is in general reduced by the positive ravs, but at higher filament 
temperatures the reduction of space charge by the positive causes a 
considerable increase of the current over a limited voltage range 
By immersing the tube in liquid air the positive ray effects are almost 
eliminated, indicating that the alkali metal vapor is the source of the 
ravs, which are probably produced by contact of metal atoms with 


the hot filament. 


A New Directional Receiving System.” H. T. Frits. Reduction 
of static interference, or to state it more correctly, reduction of the 
ratio of static to signal, has been, almost since the beginning of thi 
radio art, the most important problem in radio engineering. It is 
now well known that static disturbances have definite points of 
origin and that the impulses which are detected at a receiving station 
have definite directions of propagation. A receiving system having 
no directional selectivity is, therefore, affected by static impulses 
from all directions and, in spite of many inventions, it has not vet 
been possible to improve its signal-static ratio except by limiting the 
frequeney band transmitted. A system which, however, is so de 
signed as freely to receive waves arriving from a limited range ot 
directions is susceptible only to static disturbances propagated within 
that range, and large improvements in signal static ratio have been 
claimed for different types of directive antenna systems during the 
past few vears. 

A directional receiving system for radio telephony in which dirs 
tional selectivity is obtained by combining the output voltages from 
two antennas is described in this paper. The main feature of the 
system is the arrangement for controlling the output voltages of thi 
antennas, so that they may be combined to neutralize each other or 
to reinforce each other as desired. A double detection (super-hetero 
dyne) receiver is employed and the output voltages, which are com 
bined so as to produce the directional characteristic, are the inter- 
mediate frequency currents due to the waves received by the an 
tennas and the beating oscillator currents. The control of thes 
output voltages is effected by operating upon the beating oscillator 


currents. 


High-Power Metallography -Some Recent Developments in  Photo- 
micrography and Metallurgical Research. FRANciIs F. Lecas. The 

Proceedings of the Institute of Radio Engineers, Vol. 13, No. 6, pp. 685 
Dec., 1925. 

* Journal of the Frankitn Institute, Vol. 201, No. 2, pp. 177-216, Feb., 1926 
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usual conception of high-power metallography seems to be great 


11 irgvement, indistinct definition and lack of resolution. Such 
s. generally, have been classed under the heading “empty 
magnitication’” because they have failed to show more detail than has 
been shown at lower magnifications and with objectives of less re- 
solving abilitv. Oftentimes the pictures would) be unintelligible 
taken by themselves, but the reason they are recognized at all is 
because the same structures have been seen and identified by low- 
or medium-power methods. Such high-power results are like an 
elastic band which has been stretched unduly. As the band is stretched 
it becomes more and more attenuated and finally snaps. If the 
optical image is stretched by enlargement the details of the image 
become less and less distinct and finally the image breaks down alto- 
vether, so that the detail and the background blend together into a 
hazy outline of what formerly was a sharp image. 

High-power metallography as presented in this article consists of so 
preparing metallurgical specimens that crisp, brilliant images may be 
obtained and photographed at high powers and of achieving approxt- 
mately the potential resolving possibilities of splendid objectives. 

By improvements in the method of preparing metallurgical speci- 
mens and in the technique of manipulating the apparatus, “empty 
magnification” is no longer synonymous with high-power photo- 
micrography. 

It is the object of this contribution to show the application of this 
new tool for metallurgical research to the study of metal structures 
which heretofore have not been resolved and the nature of which 
has led to much speculation and to wide differences of opinion. A 
clear understanding of the current conceptions of magnification 
and resolution is essential and a knowledge of the limitations which 
were regarded for many years as restricting the employment of high 
powers will prove of value in the interpretation of the results obtained. 
For this reason a brief discussion follows which not only shows the 
method of approach in the present development, but indicates the 
path along which we may work to secure a higher order of resolution. 
By resolution is meant that property of a lens system which enables 
it to distinguish or “resolve” as separate and distinct units fine struc- 
tural details spaced very close together. 


Research and Engineering” B. Crarr. Research in industry— 
which the author mentions is of comparatively recent origin—is 
defined as the application of methods of systematic and logical deduc- 


1 Address before the Engineers’ Club, Phila., Oct., 1925, Engs. and Engg., Jan 
1926, Vol. 43, pp. 11-19. 
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tions to our every-day industrial and technical problems. Such 
research necessarily is of a highly specialized nature and requires 
special training. What is equally important, as is pointed out by 


the author, is the need of properly organizing and directing this group 
of specialized workers. Since research is a creative process and hence 
particularly individualistic, one of the important problems in wl 


] 
1} I 


the author calls “organized research” is the supplying of su 
atmosphere that the worker realizes his own welfare and advance 


ment to be adequately cared for in this system of group working 
A number of examples of organized research are mentioned (radio 
and wire telephony, telephotography, ocean telegraphy, speech and 
hearing, artificial speech, phonograph recording and reproducing 
as apropos to the point in question. The close relationship between 
engineering and research and the impossibility of the one getting 


along without the other is made clear. For the worker, there is pointed 
out the necessity of management and for those in charge the soundness 
h 


of industrial research as a business proposition. Industrial resears 


far from being a luxury has become a necessity. 
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